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ABSTRACT: This paper focuses on welfare properties of competitive equilibria of exchange
economies with time-dependent preferences. We introduce a notion of recursive efficiency,
and show that competitive equilibria are efficient in the sense defined. Moreover, we present
a social welfare function with maximisers coinciding with recursively efficient allocations. We
also show that every competitive equilibrium can be represented by a solution to a social
welfare optimisation problem. Finally, we discuss the relevance of our results to allocations

arising in sequential equilibria.
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1. INTRODUCTION

Consider an exchange economy consisting of consumers endowed with time-dependent
preferences. Each period, an agent is represented by a different self, whose preferences are
defined over paths of future consumption. Since preferences of subsequent incarnations
may differ across periods and consumers have no access to any commitment technology,
they need to take into account the behaviour of their future selves while determining their
consumption. Assuming that the agents exhibit a sufficient level of sophistication and are
able to correctly predict their future decisions, the demand is equivalent to a Subgame
Perfect Nash Equilibrium (henceforth SPNE) path of a game between different selves of
a consumer. In this paper we discuss welfare properties of equilibrium allocations arising

in the framework.
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We introduce a notion of recursive efficiency, and present conditions under which every
competitive equilibrium allocation is efficient in the defined sense. Moreover, we construct
a social welfare function with maximisers coinciding with recursively efficient allocations.
Eventually, the two results allow us to present a method of representing competitive
equilibria by a solution to a social planner’s optimisation problem.

The literature concerning welfare properties of economies with time-dependent pref-
erences concentrates on conditions and mechanisms which allow to obtain equilibrium
allocations that are efficient with respect to preferences of consumers in the initial period.
We will say that such allocations are Pareto efficient with respect to the initial selves.!
Laibson (1997) has shown that once agents have access to illiquid financial instruments,
they are able to commit future selves to a plan which is optimal with respect to individ-
ual preferences of the initial self. Moreover, once agents can trade the long term assets,
allocations resulting in equilibrium are Pareto efficient with respect to the initial selves.

Interestingly, in some special cases, even when individual agents are unable to commit,
competitive equilibrium allocations can be efficient in the aforementioned sense. This
property was first observed by Barro (1999) for production economies with consumers
endowed with time-separable, logarithmic preferences, and hyperbolic discounting. The
result is surprising, since it implies that even though every individual agent is bounded
by a time-consistency constraint, there exists no other feasible allocation which could
strictly improve upon the equilibrium allocation with respect to the initial agents. Unfor-
tunately, apart from some very specific cases, such equilibria are non-generic. As shown
by Luttmer and Mariotti (2007, Proposition 3), once preferences are not homothetic, the
set of equilibria and the set of allocations which are Pareto efficient with respect to the
initial selves intersect only at isolated points. Their negative result indicates, that this
form of efficiency is rare in the discussed class of models.

In this paper we establish the general welfare properties of competitive economies with
time-dependent preferences, rather than determine conditions under which equilibrium
allocations satisfy a desired notion of optimality. This makes our results closely related
to the ones obtained by Herings and Rohde (2006), who analysed a similar problem.
However, there are several substantial differences between the two papers. First of all,
we concentrate solely on economies with sophisticated agents who can correctly predict

the behaviour of their future selves. Second of all, we do not discuss the existence of

'Herings and Rohde (2006, Definition 10) simply call such allocation Pareto efficient. On the other
hand Luttmer and Mariotti (2007, Definition 1(i)) use the term date-1 Pareto efficient to describe the

same notion of optimality.
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competitive equilibrium. Moreover, we modify the definition of competitive equilibrium
in a relevant way and present our results for a stronger definition of efficiency.

We consider a modified notion of optimality, which we call recursive efficiency. Accord-
ing to our definition, an allocation z is efficient if for any date ¢ there exists no other
feasible allocation which Pareto improves upon x with respect to preferences of all agents
and their future selves following period t. The form of optimality is a stronger concept
than the so called time-consistent overall Pareto efficiency introduced by Herings and
Rohde (2006, Definition 27).

Overall Pareto efficiency seems to be a natural way of understanding welfare when
preferences are time-variant. According to the criterion, an allocation z is efficient if
there exists no other feasible allocation which Pareto improves upon x with respect to
preferences of all agents and their different selves. The notion implies that an improvement
can be made only if it makes all the consumers and their different selves weakly better
off, and some of them (i.e. at least one self of a consumer) strictly better off. Therefore,
the definition of efficiency is equivalent to the standard Pareto criterion once we consider
each self of every consumer to be a separate agent. As we discuss it in Section 3.1, overall
Pareto efficient allocations exhibit a form of time-inconsistency. This is due to the fact,
that as time progresses and the initial selves are gradually excluded from the economy,
the remaining incarnations might have an incentive to reallocate the consumption in the
following periods, and make themselves better off. Recursive efficiency excludes such cases.

Our notion of optimality is a weaker concept than the so called renegotiation proofness
introduced by Luttmer and Mariotti (2007, Definition 1(ii)). According to their definition,
an allocation x is renegotiation proof if it is recursively efficient according to our sense,
and there exists no other recursively efficient allocation which Pareto dominates x with
respect to preferences of the initial selves. In other words, once we constraint the set
of feasible allocations to the set of recursively efficient consumption paths, renegotiation
proofness coincides with Pareto efficiency with respect to the initial selves. We present a
formal characterisation of the two notions in Definition 5.

Given the definition of efficiency, we show that any competitive equilibrium allocation
is efficient in our sense. Therefore, we present a version of First Fundamental Welfare
Theorem for competitive economies with time-variant preferences. Our result is positive,
as we determine a general class of economies for which competitive equilibria are efficient
in the defined sense.

The result differes from the one obtained by Herings and Rohde (2006, Theorem 30)

20ften the notion is called weak efficiency or multiself Pareto criterion.
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in three aspects. First of all, our theorem concerns a stronger concept of optimality. In
addition, we show that the efficiency of equilibria holds under weaker assumptions imposed
on consumer preferences. Finally and most importantly, we apply a modified definition of
competitive equilibrium.

In the equilibrium specification of Herings and Rohde (2006, Definition 11), agents are
not allowed to transfer their wealth across time, as each period t they are bounded to
consume only these consumption bundles which value does not exceed the value of their
initial endowment of period ¢ goods. This restricts consumers’ possibility to save or borrow.
Therefore, the assumption rules out an important channel of strategic interaction between
different selves of an agent, which we consider to be the key feature of the discussed class
of models. We relax the condition in this work.

Eventually, in the second part of our paper we present conditions under which every
recursively efficient allocation can be represented by a solution to a social welfare max-
imisation problem. We consider this result to be important for two reasons. First of all, it
allows to reduce a rather difficult problem of computing equilibrium allocations to a rel-
atively simple maximisation program. Moreover, it establishes a form of a representative
agent in the discussed class of economies.

The result refers to the characterization of competitive equilibria presented by Negishi
(1960), who has shown that every competitive equilibrium can be represented as a solu-
tion to a weighted social welfare maximisation problem. We extend this idea to exchange
economies with time-dependent preferences, and introduce a notion of recursive social
welfare allocation obtained via a multi-stage optimisation problem. In our specification,
at each stage the social planner maximises a weighted social welfare function of cur-
rent selves, subject to him choosing amongst allocations that solve an analogous social
welfare problem in all the subsequent periods. Therefore, the construction of recursive
social welfare corresponds to the behaviour of every individual consumer, as it imposes
a form of time-consistency on socially optimal allocations. The approach presented by
Negishi have found a wide application to welfare economics, general equilibrium, as well
as macroeconomics. For this reason, we believe that extending the idea to economies with
time-dependent preferences will be useful for more applied studies of the discussed class
of economies.

In Section 2 we introduce our framework and the necessary notation. Then, in Section
3 we characterise the notion of recursive efficiency and present our main result concerning
efficiency of competitive equilibria. Section 4 concerns representation of recursively effi-

cient allocations by a solution to a recursive social welfare optimisation problem. Finally
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in Section 5 we discuss several issues related to different notions of equilibrium, and how
they affect results presented in the paper. Proofs as well as auxiliary results which are

not included in the main body of the paper are presented in the Appendix.

2. ECONOMY WITH TIME-DEPENDENT PREFERENCES

Consider a multiple-period exchange economy with a finite set of consumers /. With a
slight abuse of notation, I shall also denote the cardinality of the set. By T" we denote a
finite set of time indices. Dates are labelled in a decreasing manner, i.e. t = 0 denotes the
final period in the economy, ¢ = 1 the second to last, and so on. With a slight abuse of
notation we label the initial date by T". Therefore, T := {T,T — 1,...,1,0}.

Let X; = R’} be a positive orthant of a n; dimensional Euclidean space, ¢t € T. We shall
refer to X as to the period ¢ commodity space. Hence, n,; is the number of goods/markets
available in the economy at date ¢. Denote elements of X; by z¢, i € I. That is, z! is a
consumption bundle of period t goods of consumer 1.

Due to the dynamic nature of our framework, apart from consumption bundles in sepa-
rate periods, it is useful to consider their paths. Let X, = x!_, X be a set of consumption
paths from date t to the final period 0. Therefore, an element 7% € X, isa path/sequence
of bundles & = (x)._,, where for all s, 2% € X,. We shall refer to & € X, as to a
consumption path of consumer i following period ¢. In particular, % is a complete con-
sumption path of consumer ¢ from the initial date 7T till the final period 0. Moreover, by
definition ! = (z;, &%) = (2}, 2t _, ..., &), for any ¢’ < t.

Apart from consumption bundles and their paths, we shall often refer to the notion of
an allocation. A period ¢ allocation is a vector z; € X/, where z; := (z1);c;. In addition,
an allocation path following date ¢ will be denoted by z; € th , &y = (2})ies. Similarly, 27
is a complete allocation path. Moreover, as previously &; = (x4, ;1) = (24, T4—1 ..., Ty),
for any ¢’ < t.

As in Strotz (1955), we characterise agents by a sequence of preference relations {=!},cr.
We shall refer to =! defined over X, as to a preference relation of period ¢ self of agent
i.% For any ¢’ < t we allow for preference relations ti, and ii to differ over Xt/. That is,
we admit the case in which for some #/ € X, and 2}, € Xy, we have &/ >, &, and & >
(zl,zi_|,...,27) at the same time, which would suggest a preference reversal. In fact, the
change of preferences in between the two periods is the source of time-inconsistency in our
analysis. Moreover, we assume that preferences of period ¢ selves are not directly affected,

nor depend on consumption in the preceding periods.* We denote anti-symmetric, and

3Formally, we say that =ic X; x X,.
4Nevertheless, as in the original formulation of the problem (see Strotz, 1955), period t self of agent i
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symmetric elements of =! in the standard fashion by > and ~!, t € T..
In order to make our presentation more transparent, we apply our framework to time-

separable preferences with quasi-hyperbolic discounting.

EXAMPLE 1 (Quasi-hyperbolic discounting) Let correspondence v* : R? — R denote
an instantaneous utility function of agent ¢ € I, while d;,7; € [0,1) his long-term and
present-bias discount factor respectively. Let X; := R} for all ¢ € T". Hence, X, = Ri(tﬂ).
Utility of period ¢ self of consumer i is evaluated by function u! : X, > R:

t—1

uy(#) = o' (a}) + i ) 000 ().

s=0

Therefore, whenever we define preferences {=};cr such that for all ¢+ € T" and any two

) &l € X, we have

Bz ay e w(d)) = u(i)),

time-separable preferences with quasi-hyperbolic discounting are embedded in our frame-

work.

In the initial period each consumer has an endowment (€!)ier € XyerX;, where el
denotes rights to consumption in period t of consumer 7. We find it useful to define paths
of endowments following date t by & := (el)'_, € X,;. In particular, é, is equivalent to
the initial endowment of agent 4.

In the remainder of the section we introduce the notion of a competitive equilibrium.
To make our presentation more comprehensible, we first discuss in detail a two-period

case. Then, we extend the framework to an arbitrary number of periods.

2.1. Equilibrium in a two-period economy

Consider a case where T' = {1,0}. Then, each consumer is characterized by a pair of
preference relations {=%, té}, where =¢ is defined over Xl = X7 x Xy, and if) over Xj.
Moreover, in the initial period consumer i has a path of endowments following date 1
denoted by éi := (¢}, ¢l) € X;.

We consider the following structure of trade in the economy. At the initial date t = 1

agents may trade their initial endowments for the current consumption bundles z} € X7,

is affected by the previous consumption in an indirect way, via the budget constraint. This condition is
equivalent to strong independence of past consumption introduced by Herings and Rohde (2006, Definition
24).
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as well as rights to consumption in the final period ¢ = 0, denoted by y§ € Xj. Since agents
are are endowed with time-dependent preferences without the commitment technology,
the vector of rights to consumption 4 acquired at date 1 may be different from the actual
consumption z, taking place in period 0.

Let py € R, and py € R, denote prices of date 1 and date 0 consumption goods/rights
respectively. Again, we shall consider paths of prices p; = (p1, po) € R ™.

Given pq, the total wealth of consumer 7 is equal to the value of his initial endowment
p1 - €5. Hence, the budget set of agent ¢ is determined by values of correspondence Bj :
R0 x X, = X,

2.1)  Bilpré) = {(@hyh) € X | pr-al +po-yh < -

Next, consider the budget set of agent ¢ at date 0. At the beginning of the period, the
agent inherits the rights to consumption ¥ acquired at ¢t = 1. Since 2% has already been
consumed, it is no longer taken into account. Therefore, the disposable wealth of period
0 self is equal to the value of the inherited rights to consumption pg - 45, and so date 0

budget set is defined by values of correspondence By : R’ x Xy = X,
(2.2)  Bo(po,y) := {x, € Xo | po-x( <po-yj}-

In the paper we analyse economies where sophisticated agents are endowed with time-
dependent preferences and no commitment technology. This implies, that while determin-
ing their consumption paths consumers can correctly predict preferences and choices of
their future selves, but cannot commit to any consumption plan. This implies, that date
1 selves determine their choices of (z%, ) conditional on what will be chosen by their
period 0 selves given y}.

In order to formally define the demand, we first need to establish how the choice is
made in the final period. Take a vector y € X, of period 0 consumption rights and date 0
prices po. The set of choices of period 0 self is equivalent to the set of the greatest elements
of By(po,ys) with respect to ={.> Hence, it is governed by values of correspondence Vj :
R} x Xo = X,

(2.3) Voi(pg,yé) = {xf) € Xo | :1:8 is a ié—g.e. of Bo(po,yé)}.

The sophistication of date 1 selves implies, that while acquiring (2, y) in the initial

period, agents take into account that the actual consumption taking place at date 0 must

5For some binary relation >, we consider 2’ to be a greatest element of set X with respect to >, or a
=-ge of X,if 2/ € X and Vx € X, 2’ = .
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belong to Vj(po, y4). This is to say, that since period 0 self is not committed to any plan,
he will choose the most preferable bundle from his budget set given the inherited vector
of consumption rights. Therefore, the problem of the consumer in the initial period is to
maximise preferences over the set of affordable, time-consistent consumption paths, i.e.
vectors (2%, z})) € By (p1, €}), where x}), € Vi (po, z). The set of all such consumption paths

is determined by values of correspondence Fy : R0 x X=X 1,
(2'4) Fli(ﬁbéD = {(x217$6) € Bl(ﬁbéi) | 336 € V(f(POJ%)} )

Elements of F}(p;,é!) are time-consistent in the sense, that once period 1 self acquires
Yy = i rights to period 0 consumption, in the following period the date 0 self has
no incentive to re-trade the inherited consumption rights. Hence, the consumption plan
determined in period 1 will actually be implemented at the final date. This allows to

define correspondence V; : R, x X, = Xy,
(2.5)  Vi(p1,é)) == {(xll,xg) € X, ’ (28, 20) is a ='-g.e. of Ff(ﬁl,éj)},

which values determine the set of optimal, time-consistent choices of agent 1.

By construction set Vi (p1, é}) consists of consumption paths which emerge in a SPNE
path of an intrapersonal game between different selves of agent i. Moreover, since the
initial self is allowed to choose from the set of time consistent paths these elements 7}
which maximise his current preferences, we assume that any ties that may arise in the
choice of period 0 self are broken by the initial consumer.®

We proceed with a two-period definition of competitive equilibrium.

DEFINITION 1 (Competitive equilibrium)  Given endowment distribution (€);cr, a com-
petitive equilibrium of an economy starting at date 1 is a pair of allocation and price
paths {27, pi} such that
(i) given pi, consumers mazimise their preferences in a time-consistent manner, i.e.
for alli € I, we have 3 € Vi (p},¢é%);

(i) markets clear, i.e. >, T =3, €.

We discuss the relevance of the above definition in Section 2.3. In the following section

we extend the above notion to an arbitrary number of periods.

6This specification is equivalent to the one introduced by Strotz (1955). However, it is a different
formulation from the one investigated by Harris and Laibson (2001), or more recently Balbus, Reffett,

and WoZny (2011) in the infinite dimensional framework.
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2.2. Equilibrium in a multi-period economy

Let T be an arbitrary number in N. Let p, € R}, denote prices of period ¢ consumption
goods, and N; := >_!_ n,. Similarly to the two-period case, vector p;, = (ps)i_, € RY}
denotes a path of prices of consumption bundles consumed in periods following date t.
By construction, we have p, = (pg, pr—1) = (e, Pe—1--.,Dy) for any ¢t and ¢/ < ¢.

We construct the optimisation problem of date t self of agent 7 as follows. In the final
period 0, given prices p, as well as a vector of rights to consumption yj, agent ¢ determines
the ={-greatest elements of By(po, yj), defined in (2.2). Hence, the set of his optimal choices
is equal to Vi (po, ), as in (2.3).

In period t = 1, the consumer determines the set of all affordable, time-consistent
consumption paths and chooses the one which maximises his current preferences. The
only difference with respect to the two-period case is that at the beginning of date 1 the
current self is in possession of a path of consumption rights 7¢ := (yi, yi) € X, inherited
from the preceding period, rather than é}. Therefore, the set of affordable, time-consistent
consumption paths is Fj(py, §t), where correspondence F} is defined as in (2.4). Similarly,
the set of choices is Vi (p1, 9%), where V' is defined as in (2.5).

By backward induction, it is possible to determine the set of all affordable and time-
consistent consumption paths for any ¢ € T. At the beginning of date ¢, every consumer
is in possession of a vector of rights to consumption gi = (y%)!_, € X;. Budget set is then

determined by values of correspondence B; : ]Rfi X Xt = Xt,
(2.6)  Bi(pr, 4)) == {i’; € X, | Pe- &) < Py - @Z} .

Hence, the set of affordable and time-consistent consumption paths is determined by
Fti . Rfﬁ, X Xt j Xt,Y

(27) Fti(ﬁh@i) = {(x;7£;—1> € Bt(ﬁh@;) ‘ i‘i—l € ‘/ti—l(ﬁt—l’i‘i—l)}v

where V' | (pr_1, %% ;) is the set of optimal, time-consistent choices of the following, date
(t — 1) self. Being consistent with our recursive structure, the set is determined by values

of correspondence V' : RY x X; =% X,
(2.8)  Vi(ps,9l) := {ié e X, ‘ #lis a =l-g.e. of F;‘(ﬁt,yjft)} )

Correspondences F} and V' are constructed in the following way. Given date ¢, a path

of prices — p;, and a sequence of rights to consumption following date ¢ — ¢!, we determine

"Since we consider date 0 to be the final period, there is no consumption taking place beyond it.

Therefore, every element of the set By(po,ys) is trivially time-consistent, and so Fi(po, yé) = Bo(po, y)-
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the set of all affordable consumption paths following date ¢ — By;(p;, 9;). Every element
2! = (2,2 ) of the set consists of the current consumption bundle zi and a sequence
of consumption rights/bundles following period (¢t — 1), #¢ ;. In order to make sure that
&l € F/(p:, 7)), we need to guarantee that }_; is a solution to the optimisation problem
of the subsequent incarnation of agent 4, given that he inherits 2 ;. Only then the future
self has no incentive to choose a different consumption path when date (¢t — 1) arrives. In
other words, as long as &;_; € V", (py—1, &,_,), date (t—1) self cannot strictly benefit from
re-trading &% ;. Finally, set V/(ps, 9i) consists of =!-greatest elements of F}(p;, 7). Hence,
it contains the most preferable, affordable, and time-consistent consumption bundles from
the perspective of period t self.

At this point we define a generalised notion of competitive equilibrium introduced in
Definition 1.

DEFINITION 1’ (Competitive equilibrium)  Given endowment distribution (€%);cr, a com-
petitive equilibrium of an economy starting at date T is a pair of allocation and price paths
{24, p5} such that
(i) given pk., consumers mazximise their preferences in a time-consistent manner, i.e.
for all i € I, we have 33 € Vi(ph, éh);

(i) markets clear, i.e. Y, &5 =Y., €.

Clearly, in the two-period case Definitions 1 and 1’ are equivalent. The following result

is directly implied by the above definition.

COROLLARY 1 Let {@%,p5} be a competitive equilibrium of an economy starting at date
T. Then, for any t < T, {Z},pf} is a competitive equilibrium of an economy starting at

date t, for distribution of endowments (&}")e;.

ProOOF: Let {4, ph} be a competitive equilibrium. Take any ¢ < T', and adjust Defini-
tion 1" for T = t, with (2;%);c; being the distribution of the initial endowment. Clearly,
condition (ii) of Definition 1’ is satisfied. By construction, Vi € I, 2% € Vi (ph, ék) implies
&y e Vi(pr, &7"), for any t < T. Hence, condition (i) of Definition 1’ also holds. Q.E.D.

In the next section we discuss several important issues concerning the nature of equilibria

defined above.

2.3. Comments on the notion of competitive equilibrium

The definition of equilibrium introduced in the preceding sections requires some com-

ment. First of all, the notion is very closely related to the standard concept of competitive
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equilibrium. As in the standard definition, trade in our economy takes place only once at
the initial date T'. This is implied by the requirement that regardless of the date, prices
of the rights to consumption of period ¢ goods — ¥, are equal to the prices of the actual
consumption z! taking place at date ¢. Therefore, there are no separate spot and futures
markets where agent could exchange either goods or rights to future consumption.

The fact that markets do not reopen in the following periods does not imply that
period T selves can commit their future incarnations to any consumption plan. Note, that
the form of the optimisation problem of period 7" agents guarantees that all the future
selves would not be willing to re-trade their consumption plans, and therefore captures
the dynamic nature of the analysed problem. Since correspondence Fi imposes a time-
consistency constraint on choices of period T selves, even though the above definition is
static, equilibrium allocations are time-consistent.

Our notion is closely related to the one introduced by Luttmer and Mariotti (2003,
2006), who characterised the equilibrium for economies with time-separable preferences
and hyperbolic discounting. Similarly to our definition, their economy is static in the
sense that prices of rights to consumption in any period are constant regardless of the
date when they are acquired. It is worth pointing out that the condition is also imposed
by Herings and Rohde (2006) in their characterisation of competitive equilibrium.

What is interesting, is that even though the condition discussed above seems to be
restrictive, it is not. In Section 5 we show that even if we allow for markets to reopen
each period, and prices of rights to future consumption to vary from date to date, it does
not affect our results. In fact, in equilibrium prices of the actual period ¢ consumption
and rights to consumption have to coincide at any date, which makes our requirement
superfluous.

Regarding definition by Herings and Rohde (2006, Definition 11), our notion differs
in one important aspect. Herings and Rohde characterise the optimisation problem of
consumers in a way which does not allow them to spend on the current period consumption
2! more than the value of their initial endowment of period ¢ goods — e!. In other words,
in every period ¢ the budget set of agent i consists of only these consumption paths Z¢ for
which p; - 2t < p;-el, forall t € T.

The condition rules out the possibility of transferring wealth across periods strategically,
which we consider to be the essence of the discussed class of models. Note that without
commitment, the only channel that allows a sophisticated agent to influence his future
consumption is through the value of consumption rights g which are inherited by the

subsequent self. Only this way the current self can influence the decision of his future
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incarnations. Hence, by fixing the amount of wealth that an agent can spend each period,
one looses an important feature of economies with time-dependent preferences.

As implied by Definition 1 and 1’, this is not the case in our paper. In the discussed
framework consumers may freely transfer their wealth across periods, as long as their total
expenditure does not exceed the value of the initial endowment. Still, we are able to show

that this does not affect the welfare properties of the discussed class of economies.

3. EFFICIENCY AND COMPETITIVE EQUILIBRIUM

In the following section we discuss welfare properties of competitive equilibria. We define
our notion of efficiency and discuss its relevance with respect to the already existing
concepts of optimality in the related literature. Moreover, we show that any competitive

equilibrium allocation satisfies the efficiency condition.

3.1. Efficient allocations and time-dependent preferences

We say that period t allocation x, € X, is feasible if and only if Y, ,x} <>, ef. An
allocation path &, € X/ is feasible if 3°,_, & < 3°,_; éi, and we shall denote the set of all
such allocation paths by

(31) E, = {@t e X!

nggZég}.

icl icl
First, we introduce the notion of post-t efficiency, which shall become useful in the

remainder of this section.®

DEFINITION 2 (Post-t efficiency) For somet € T, a path of allocations ; € E; is post-t
efficient if there exists no other &, € E; such that Vi € I and Vt' < t, we have &}, =, &,

and for some i € I and some t' < t, T}i =i, .

According to Definition 2, we say that a feasible path of allocations following date ¢ is
post-t efficient if it is Pareto optimal with respect to preferences of all agents and their
different selves following period t. In particular, given our framework, a post-7" allocation
is equivalent to the notion of time-consistent overall Pareto efficiency.

Building up on the previous definition, we characterize a notion of efficiency which will

be of the central interest in the remainder of this paper.

DEFINITION 3 (Recursive efficiency) A path of allocations zr € Er is recursively effi-

cient, if for any t € T path z; is post-t efficient.

8] am grateful to John Quah for inventing the term.
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According to the definition, an allocation path is recursively efficient if it is Pareto
optimal with respect to any subsequence of preference relations {>% };c; 1<, following any
period t. Therefore, for 7 to be recursively efficient we require that allocation z( is Pareto
optimal with respect to preference relations {=}};c;, #1 is Pareto optimal with respect to
{=%, =t }icr, and so on. In particular we require, that an efficient allocation path is post-T
efficient. Therefore, as mentioned earlier, it is overall Pareto efficient.

The main idea behind the definition of recursive efficiency concerns a form of time-
consistency of optimal allocations. Consider a path Zr € Er which is post-T efficient, but
not recursively efficient. By Definition 2, this implies that the allocation path is Pareto
optimal with respect to preferences following period T, {ii}(i,t)e x7- Hence, there exists
no other feasible sequence of allocations, which makes all the agents and their different
selves weakly better off, and at least some of them (i.e. at least one self of any agent)
strictly better off.

Now, assume that period T" has passed, and consumers find themselves in period T'— 1.
Since period T selves are no longer present in the economy, the remaining selves following
date T' — 1 might be willing to alter the allocation of consumption in the remaining
periods. As period T preferences are no longer taken into consideration, there might exist
a distribution of goods which Pareto improves the previously determined allocation for
the remaining selves. The idea of recursive efficiency is to exclude such cases.

As mentioned above, recursive efficiency is a stronger notion than overall Pareto effi-
ciency. On the other hand, it is a weaker notion that renegotiation proofness. Consider a
two-period case as in Luttmer and Mariotti (2007) (see Definition 5(ii) for an extension of
the definition to multiple periods). Denote the set of period 0 Pareto efficient allocations
by

Ry := {7 € Xy | =3y € Ey that Vi € I, 2} =} i, and for some i, zjj =} z{}.
Given the definition by Luttmer and Mariotti (2007, Definition 1(ii)), an allocation path
Z1 = (x1,m9) € Ey is renegotiation proof if: (a) zg € Ry, and (b) there exist no other
feasible allocation path @ := (2}, (), with xj, € Ry, such that for all i € I, &} =% &}
and for some i, 27 =! 2. Therefore, in a two-period economy renegotiation proofness is
a special case of recursive efficiency. Clearly, since for any renegotiation proof allocation
21, xo belongs to Ry, it is post-0 efficient. In addition, there is no other consumption path
T = (x), ), with z{, € Ry, which could Pareto improve upon #; with respect to period
1 preferences. Hence, any change in the welfare at the initial date would have to worsen

off at least some agents in the final period. Therefore, it is recursively efficient. On the
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other hand, recursively efficient allocations are in general not renegotiation proof, as they

fail to satisfy condition (b).

3.2. Welfare properties of competitive equilibria

In the remainder of this section we establish a result concerning recursive efficiency
of equilibrium allocations. In order to prove our main theorem we impose the following

assumption on the premises of the model.

ASSUMPTION 1 (Preferences) For all (i,t) € I x T, preference relation = is
(i) reflexive, complete, and transitive;
(ii) locally mon-satiated on Xy, i.e. for all ¥t € X, and any € > 0, there exists some
z? € X, such that ||z} — 2| x, < & and (zV,%%_,) =i 2%, where || - ||x, is a norm on
X 9
t.

We state our first main result of the paper.

THEOREM 1  Under Assumption 1, for any competitive equilibrium {Z%., pr}, allocation

path 7. is recursively efficient.

The proof of the above theorem is rather extensive, hence we present it in the Appendix.
In order to show the line of our argument we prove a two-period version of Theorem 1

below. Consider the following corollary.

COROLLARY 2 Let T := {1,0}. Under Assumption 1, for any competitive equilibrium

{27,p7} allocation path 7 is recursively efficient.

In order to make our argument transparent, we first present several claims which will
be used in the proof. Throughout the following argument we shall assume that {z7, pj} is

a competitive equilibrium satisfying Definition 1.
CLAIM 1 Foralli € I, xf =} a' = ph -l > phy - xf', and xf =4 ait = ph -zl > ph - ad.

PROOF: We prove the first part of the claim by contradiction. Assume that zj ={ =
and p§ - xf < p§ - i’ By Assumption 1(ii), there exists some xf € By(pj,z§') such
that 2l ={ xf =i 5. This contradicts that z}" is a ={-greatest element of By(pj, z5’).

Therefore, x =4 2y = pj - ©o > P - 2y’

90bserve that local non-satiation of ti on X; is a stronger condition than local non-satiation over the

whole domain X;. Clearly the former implies the latter, but the opposite implication does not hold.



P. DZIEWULSKI/OPTIMALITY AND TIME-DEPENDENT PREFERENCES 15

Now assume that zi =i z**. By the above argument, this implies that p? -8 > pt- i If
070 Lo DY g p Py Ty = Po-To
ph - xh = pi -l then z) € Bo(py, i), which contradicts that i is a =}-greatest element

of Bo(pg, §"). Hence, zi) =b xf = piy - xhy > p - xi. Q.E.D.

In the next claim we simply restate the standard First Fundamental Welfare Theorem
(see Mas-Colell, Whinston, and Green, 1995, Proposition 16.C.1).

CrAIM 2 There exists no allocation xo € Ey such that for all i € I, x} = x}', and for

some i, Ty g Tq -

PrROOF: We prove the result by contradiction. Assume that there exists some xo € Ejy
such that Vi € I, z{ ={ x}', and for some i, xf =} z%". By the market clearing condition
Do Doier T8 = Dy Doies €y By Claim 1, Vi € I, p§ -z} > pj - xf’, and for some 4,
po - > ph-ay’. Hence, pf - D, T > D6 Y icr T6' = Db+ 2ier €6- Since xg € Ey, we have
Do D ier Th < Db Doieq € Contradiction. Q.E.D.

CraM 3 For any allocation xy € Ey such that for alli € I, i ~i x3', we have p}y - xh =

po-xdt, foralli € 1.

ProoF: By Claim 2, Vi € I, p§ - xf) > pjy - x5, Assume that for some 4, we have pj - 2 >

p - ' By the market clearing condition this implies that p§ - .., z{ > p§ - Y ey 26 =
Do - Y ier €. However, we claim that zo € Ey, that is pf - > .., @0 < p§ - D ies €h, which
yields contradiction. Q.E.D.

CrAM 4 Take any &y := (z1,70) € Ey such that for all i € I, we have x}y ~ xi. Then,

oY) ) * ) * * ) T Ak * ) * *

PrRoOOF: We prove the first part of the claim by contradiction. Assume that for some 7
we have 2} =% 23 and p} -z} < p} - 23". By Assumption 1(ii), there exists some z} € X
such that p} - zf < pj-x3" and (2}, ) = 2%. Hence, (2, x}) =% 3.

Since &1 € Ey, we have xy € Ey. Moreover, Vi € I, z} ~} x4, which by Claim 3 implies
that Vi € I, pj -z, = p§ - o, Therefore, By(p§, zi)) = Bo(pj, z3'), and so Vi (p§, zh) =
Vi (py, xih). Clearly, (2}, zb) € Fi(p, €,), which contradicts that #3° € V{(p}, é%).

We proceed with the second part of the claim. By the above argument we know that
for all i we have p} - xi > pi - x}'. Assume that p} - 2t = pi -z}’ Since Vi € I, z}) ~§ xy,
we have Vi € I, p§ - oty = p§ - 3’ (by Claim 3). This implies that By (pg, xf) = Bo(p§, 2')
and Vi (ps, ) = Vi(py, x5"). Hence, we have &% € F{(p},é,), which contradicts that
B e Vi(ps, éb). Q.E.D.
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Having stated the necessary prerequisites, we may prove Corollary 2.

PRrROOF OF COROLLARY 2: We prove the result by contradiction. Assume that 27 is not
recursively efficient. Therefore, there exists some feasible allocation path #; such that (i)
Vi e I, 2% =1 &3, o =i 25, and for some i, 2} =% 27 or zf =i xy’; or (ii) Vi € I,
x4 =4 xg', and for some 7, ) >( xf.

By Claim 2, we know that (ii) may never occur. Therefore, for (i) to hold it must be that

X

Vi € I, z}y ~§ x’. Moreover, we have Vi € I, &% =% 21, and for some i, 2} =% 2}*. Claim
4 implies that Vi € I, p} -2} > pt -z}, and for some i, p} - 2} > p} - z}'. By the market
clearing condition p} - Y., 2} > pi - >, 2 = pi - Y, €i. However, by assumption

&y € Fy, hence p} - Y, ot < pi- Y, €t Contradiction. Q.E.D.

Theorem 1 requires some comment. First of all, it implies that there exists no other
feasible allocation which can Pareto improve upon the equilibrium outcome, given that
we consider each self of every consumer as a separate agent. Hence, every competitive
equilibrium is time-consistently overall Pareto efficient. Therefore, the above proposition
establishes a version of the First Fundamental Welfare Theorem for exchange economies
with time-dependent preferences.

However, since the result implies that every equilibrium allocation is recursively effi-
cient, it satisfies a stronger condition. By Theorem 1 and Definition 3, we know that
additionally for any ¢ € T allocation path 2} is post-t efficient. Therefore, competitive
equilibrium allocations do not give much room for improvement when it comes to welfare.
Clearly, equilibrium allocation is usually not Pareto efficient solely with respect to period
T preferences, nor renegotiation proof, as shown by Luttmer and Mariotti (2007, Propo-
sition 3). However, a strict improvement of the welfare of the initial consumers would
worsen off at least some of the incarnations in the subsequent periods.

Theorem 1 differs from the result obtained by Herings and Rohde (2006, Theorem 30)
in three ways. First of all, we show that competitive equilibria in economies with time-
dependent preferences satisfy an optimality condition stronger than time-consistent overall
Pareto efficiency. Equilibrium allocations are not only optimal with respect to preferences
of all agents and their different selves, but also possess the recursive and time-consistent
feature characterised in Definition 3, which preserves the efficiency of allocation paths as
time progresses.

Second of all, our result refers to a modified definition of competitive equilibrium. As
mentioned in Section 2.3, allowing agents to strategically interact with their future selves

via budget constraints is an important component of the consumer choice when tastes
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change over time. Moreover, the behaviour does affect the resulting equilibrium alloca-
tions. Still, as suggested by Theorem 1, it does not change their general welfare properties.

Finally, we obtain our result under weaker conditions imposed on the preferences of con-
sumers. As Herings and Rohde, we consider rational preferences which are independent of
the past consumption.'” However, we do not impose any assumption concerning continu-
ity, monotonicity, nor convexity of the underlying tastes. In fact, our result requires only
local non-satiation of preferences over the current period commodity space. Therefore, the
property we have established in this section is a general feature of the discussed class of
economies. Nevertheless, it is worth pointing out that our theorem is not a generalisation
of the result by Herings and Rohde. Since their definition of equilibrium is substantially
different from ours, the results need not apply to their framework.

In the remainder of the paper we use the implications of Theorem 1 to construct a social
welfare function with maximisers coinciding with competitive equilibrium allocations.

Finally, we discuss the issue of representation of economies in question.

4. REPRESENTATION OF RECURSIVELY EFFICIENT ALLOCATIONS

In the following section we concentrate on representation of recursively efficient allo-
cations by solutions to a social welfare optimisation problem. We impose the following

condition.

AssumpTION 2 (Utility representation) For all (i,t) € I x T, preference relation =% is
represented by a utility function ul : X, = R. That is, for any two %, &} € X, we have
B = B e u(3Y) = uy(d).

In the remainder of the section we characterize a notion of social welfare. Then, we

discuss when the concept coincides with recursive efficiency presented in the preceding

section.

4.1. Social welfare function when preferences are time-dependent

We construct our notion of social welfare function using backward induction. First,
consider the social planner’s problem in the final period ¢ = 0. For any real, positive,
non-zero weights ag := ())ier € RY, define set

(4.1)  Yy() := argmaxz abub (zh).

z0€Eo Yo7

10That is, they satisfy strong independence of past consumption. See Definition 6’ in their paper.
HSufficient conditions for utility representation of preferences are well-known (e.g. see Mas-Colell,

Whinston, and Green, 1995, Chapter 3.C).
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In other words, Wo(ay) contains all feasible period 0 consumption bundles which maximise
the weighted social welfare function for a fixed vector of weights ag := (af);er. Since
the form of the above functional is rather standard, we refrain ourselves from further
discussion.

Next, consider the problem in period ¢ = 1. Denote a path of real, positive, non-zero
weights following period 1 by & := (a4, ap), where oy = (af);er € RY, ¢ € {1,0}. Define
set Uy(dy) as

(4.2)  Wy(ay) := argmax Za’iuﬁ(il),
#1€l1(a0) o7

where

[y () == {(x1,20) € Ey | ®o € Yola)},

and Wo(ap) is defined as in (4.1). Therefore, set ¥;(d;) contains all allocation paths
following date 1 which maximise period 1 social welfare functional for weights ay, given
that period 0 allocation xy is a solution to the social planer’s optimisation problem in
the final period, given weights ag. In other words, set W;(&;) contains time-consistent,
welfare maximising allocations, in an environment where the social planner faces a similar
time-inconsistency problem as individual consumers.

This allows us to define a simplified notion of a social welfare for a two-period case.

DEFINITION 4 (Recursive social welfare) For T' = {1,0}, an allocation path &3 € X{
1s a recursive social welfare allocation if there exists a path of real, non-zero weights

& = (ou, ap), where ap € RL, t € T, such that 25 € Uy (4).

Using backward induction, one can determine corresponding sets W;(é&;) and I'y(d;—1)

for any ¢ € T, and any non-zero path of weights a; := (as)!_,, s € RL. Define

(4.3)  Wy(dy) := argmax Zaiui(fi),
#€le(du—1) oy

where
Ii(6u—1) = {(2, 84-1) € By | T4-1 € W1(Qu-1)},

where W, ;(dy_1) is defined as in (4.3) for the corresponding subsequence of weights &, .
The construction of ¥, and T’ is similar to the construction of correspondences V; and
F} for optimisation problems of individual agents in Section 2.2. Namely, for any ¢ take

the set of feasible allocations paths following date ¢, E;. Let z, € E,. By definition, we
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have &; = (x4, 24_1), where x; is an allocation of period ¢ consumption goods, and Z;_;
is a path of allocations following period (f — 1). In order to make sure that &; € I';(&),
we need to guarantee that the subsequence #¢ , is a solution to the corresponding social
welfare optimisation problem in the following period, given the path of weights &;_;. This
way, we obtain a form of time-consistency of socially optimal allocations. That is, given
that the next period social planner is guided by a different social welfare function, he
is not willing to change the allocation determined in the preceding period, as it could
not strictly improve the welfare given his criterion. Finally, the social planner in period
t chooses an element from the set of feasible, time-consistent sequences of allocations,
which maximise his current welfare function.

We state the general definition or recursive efficiency.

DEFINITION 4’ (Recursive efficiency) An allocations path &5 € X% is a recursive social
welfare allocation if there exists a path of real, positive, non-zero weights &t := (u)ier,

where oy € Ri, such that 25 € Y (ar).

Clearly, Definition 4 is equivalent to 4" once T" = {1,0}. We can establish sufficient
conditions under which for any path of weights there exists a recursive social welfare

allocation.

PROPOSITION 1 Let Assumption 2 be satisfied and for all (i,t) € I x T, ul be upper
semi-continuous. Then, for any path of real, positive, non-zero weights G = (a)ier,

where oy € Rfr, t €T, there exists a recursive social welfare allocation.

Proor: Take any sequence of real, positive, non-zero weights ar. We prove the result
by induction. Take t = 0. Clearly, Ej is non-empty and compact. Moreover, by upper
semi-continuity of uf, Y, ; aguf is upper semi-continuous. Hence, due to Aliprantis and
Border (2006, Theorem 2.43) Wy(cy) is non-empty and compact.

Next, take any ¢t € T and the corresponding subsequence of weights a;. Assume that set
U, (&) is non-empty and compact. Clearly, T'y,1(G;) is also non-empty and compact. By
upper semi-continuity of u}, ,, Y ier o) uj,, is upper semi-continuous. Therefore, due to
Aliprantis and Border (2006, Theorem 2.43) W;,(d441) is non-empty and compact. The

proof is complete. Q.E.D.

A recursive social welfare allocation is a solution to a multi-stage maximisation problem,
where at each stage t the social planner maximises the current period weighted social
welfare function, given that the path of allocations following date ¢ is a solution to an

analogue problem in each of the following periods. Therefore, recursive social welfare is
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closely related to recursive efficiency, as it focuses on a form of time-consistency of optimal
allocations. In fact, in the next section we present conditions under which the two notions

coincide.

4.2. Recursive efficiency and social welfare equivalence

First, we show conditions under which every recursive social welfare allocation is recur-

sively efficient.

PROPOSITION 2 If 27 is a recursive social welfare allocation for some strictly positive

path of weights ar = (ou)ier, o € RL ., then it is recursively efficient.

PRrROOF: Let 27 be a recursive social welfare allocation for some real, strictly positive
path of weights ap. We prove the result by induction. First, we show that xf is post-
0 efficient. Assume the opposite. Then, there exists some xy € Ey such that Vi € I,
ud(zh) > uf (x5, and for some 4, uj(xf) > ul(xg'). Since weights g are strictly positive,
this implies Y., odud(zlh) > >, odub(z'), which contradicts that zf € Wo(ap) and
ar € Yr(ar).

Next, take any ¢t € T" and assume that Vt' < ¢, 27, is post-t’ efficient. We claim that 27,
is post-(t 4+ 1) efficient. Assume the opposite. Therefore, there exists some &, € Eyiq
such that Vi € I and V' < (t + 1), we have u} (2},) > u’(23), and for some i and some
t < (t+1), ul (&) > ul(2p). By assumption V' < t, &y is post-t’ efficient, so it must
be that Vi € I, and Vt' < ¢, u,(#}) = ul/(2y’). This implies that &, € ¥,(&;), and so
Zy11 € Tyy1(Gy). Moreover, since the weights are strictly positive, >, ;o up, (&) >

> ier Chquty 1 (274 ,), which contradicts that 2§, € Wyy1(dyqq) and 25 € Ur(Gr). Q.E.D.

Proposition 2 implies, that in general a set of recursively efficient allocations can be
determined via a solution to the recursive social welfare maximisation problem, as long as
weights corresponding to each self of every consumer are strictly positive. For the converse

result to be true, we need to impose some convexity assumptions on preferences.

AssumpTION 3 (Concave utility) For alli € I,t € {T —1,...,0}, and &i_, € X, 1,
function ui(xt, &% _|) is strictly concave with respect to xi. Moreover, for all i € I and

i€ Xi, ub(ah, 2 ) is (weakly) concave with respect to xi.
Several times we shall refer to a slightly stronger version of the above assumption.

ASSUMPTION 3’ (Strictly concave utility) For all (i,t) € IxT and &!_, € X1, function

ul(at, &8 )) is strictly concave with respect to xt.
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We state the second main result of the paper.

THEOREM 2  Let Assumptions 2, 3 be satisfied and Tr be a recursively efficient allocation.
There exist some real, positive, non-zero weights & = (oy)ier, where oy € Rfr, such that

T € Yp(ar). If additionally Assumption 37 is satisfied, then {Z7} = W (ar).

The proof of the theorem is presented in the Appendix. However, in order to show the
intuition behind our main result, we provide the proof for the two-period case. Consider

the following corollary

COROLLARY 3  Assume T = {1,0}. Let Assumptions 2, 3 be satisfied and &, be a recur-
sively efficient allocation. There exist some real, positive, non-zero weights &y := (aq, ap),
where oy € R, ¢ € T, such that &1 € W1(&4). If additionally Assumption 3’ is satisfied,
then {i’l} = \Ijl(dl)

PROOF: Assume that #; = (1, 7) is a recursively efficient allocation. Let ugy : XI — R’
be defined as ug := (u})ier, and U} := ug(FEy). Since Vi € I, u} is convex, it is also
continuous (see Rockafellar, 1970, Theorem 10.1). Therefore, by compactness of Ey, U/ is
compact. Let Uy := {u € R | Va} € Ey, Vi € I, u' < u)(z)}. By Assumption 3, Uy is
convex. Moreover, by construction Uy = U} —]Rfr. Hence, Uy is closed and bounded above.

Denote uf = u(zy). By definition of &, there exists no other x;, € Ey such that Vi € I,
ub(xf) > ud(2), and uj(zf) > ui(x)) for some i. Hence, it must be that u € 0U,. By
the separating hyperplane theorem (see, e.g. Aliprantis and Border, 2006, Theorem 7.30),
there exists some non-zero vector oy € R! such that Vu € Uy, ay - uy > o - u. Since
Uy — Rfr C Uy, it must be that oy € Rfr. By construction, this implies that ¢y € Wo(ay).

Strict concavity of uj implies that {zo} = ¥o(ap). Hence, it is compact and convex.
Therefore, I'; () is also compact and convex. Define u : X{ x XI — R as u; := (u})er,
and U] := u1(T'1(ap)). By continuity of «} (implied by Rockafellar, 1970, Theorem 10.1),
U] is compact. Let Uy := {u € RY | Vi’ € T'y(ap), Vi € I, u* < ui(2")}, which by
concavity of u} is convex. Moreover, by construction U; := U] — RL | which is closed and
bounded above.

To complete the proof, denote uj = wu;(#1). By definition of Z;, there exists no other
7y € X] such that Vi € I, wi(2f,2f) > ui(2?), and (2}, 2%) > wui(2?) for some i.
Therefore, it must be that uf € dU;. By the separating hyperplane theorem (Aliprantis
and Border, 2006, Theorem 7.30), there exists a non-zero vector a; € R! such that
Yu € Uy, aq - u] > aq - u. Since Uy — ]Rfr C Uy, it must be that oy € Ri. Denote

&1 = (aq, ap). By construction, £, € Wy(dy).
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To prove the second part of the proposition, recall that I'y () convex. Therefore, by

strict concavity of u}, we have {#1} = W;(&;), which completes the proof. Q.E.D.

Under some additional assumptions, it is possible to show that weights supporting a

recursively efficient allocation are strictly positive.

PROPOSITION 3 Let Assumptions 2 and 3 be satisfied. In addition, let for all (i,t) €
IxTandZ | € X, ul(xl, 2t _|) be strictly increasing with respect to xi. Then, for any
recursively efficient allocation 27 such that for all (i,t) € I x T, x! is non-zero, there exist
some real, strictly positive weights & = (o )er, where oy € Rfr+, such that &p € Up(ar).
If additionally Assumption 3 is satisfied, then {Zr} = Ur(ar).

PROOF: Let &7 be a recursively efficient path of allocations such that V(i,t) € I x T, x!
is non-zero. By Theorem 2, there exist some real, positive, non-zero path of weights ar,
for which 27 € Wr(ar).

Take any ¢t € T. Assume that for some j € I, of = 0. Let o} = (2/");c;, where Vi # j,
2 = a2t +1/(I — 1)z, and 27 = 0. Clearly, (2}, 2,_1) € [y(44_1). Since Vii |, € X, 4,
ug(wy, #_,) is strictly increasing in «j, we have ., oqus(xy, &}_y) > > .o, opui(Z1). This
contradicts that z; € V(&) and &7 € Wr(ar). Q.E.D.

The results above require some comment. Proposition 2 implies that it is possible to
determine a wide class of recursively efficient allocations by solving a social welfare opti-
misation problem. On the other hand, Theorem 2 provides conditions under which every
recursively efficient allocation can be represented by a solution to the same optimisation
problem.

The proof of Theorem 2 relies strongly on strict concavity of preferences following
the initial period. Once we weaken the condition to weak concavity, there might exist a
recursively efficient allocation which cannot be represented via a recursive social welfare
function. For example, take ' = {1,0} and assume that there exists some positive weights
g such that 2y € ¥y(ap). Once uf is (weakly) concave, set Wo(cy) is convex and contains
set {zg € Ey | Vi € I, uj(x) = uj(z)}, i.e. the set of period 0 allocations which are
Pareto equivalent to xo. However, in general the two sets are not equal. This implies, that
there might exist some elements of set I'g(ap) which are not Pareto ordered relatively
to @ with respect to preferences (uj);c;, but are Pareto dominant with respect to date
1 preferences. In such cases, z; would never be a solution to recursive social welfare

maximisation problem, like in the following example.
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ExaMPLE 2 Consider a pure exchange economy with two consumers and two goods
j =1,2. Hence, I = {1,2} and T = {1,0}. Let X, = R?, with its elements denoted by
xh = (xf!, 2?). Let Vi € I, period 0 preferences be defined by u} : Xo — R,

whleb) i= ol +af

On the other hand, let period 1 preferences be defined by u} : Xy — R,

ui(zh) = /ol + 7/ 2

where v; = 1,7, = 3. Hence, we assume that period 1 preferences are defined solely over
period 0 consumption bundles. Eventually, let the total endowment in the economy be
Diereo = (L1).

Observe, that allocation xg = (2}, 22) = ((x{t, zd?), (23!, 23%)) = ((0.8,0.2), (0.2,0.8)) is
recursively efficient. However, there exist no weights &; := (a1, o) such that the allocation
is a solution to a recursive social welfare optimisation problem.

Clearly, x¢ € T'1(ap) only for these weights oy = (af, a?) for which of = a2. However,
then I'y(ag) = {2y € RL | Y, 20 =1, V5 = 1,2}, while the set of Pareto equivalent
allocations to o with respect to period 0 preferences is A(ap) := {z) € RL | 3, 7y’ =
Land > ., zy’ =1, Vi € I, Vj = 1,2}. Therefore, A(ag) C I'y(ap) (strictly).

Assume that there exist some period 1 weights a; = (af, @?) such that zy is a recursive
social welfare allocation. Given the weights, the allocation has to satisfy the following first

order conditions:

1 1
a $11 3 O{l xl? 2
_ 0 1 _ 0
=) sand 5 =3{—7) .
o T o T

1 1
However, since (z{!/x3")2 = 2 and 3 (z{?/22?)? = 3/2, there exists no ay, for which the

N | =

above conditions are met.

Once we restrict our attention to strictly concave utility functions, set Wo(ap) is a

singleton and the case discussed above does not occur.

4.3. Competitive equilibrium and social welfare

Theorems 1 and 2 allow to characterize competitive equilibria via recursive social wel-
fare function. Therefore, it is possible to define an optimisation problem with maximisers
coinciding with any competitive equilibrium allocation. Consider the following proposi-

tion.
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PROPOSITION 4 Let Assumptions 1, 2, and 3 be satisfied. For any competitive equi-
librium {Z%., ph} there exist some real, positive, non-zero weights G = (oy)ier, where
o € RL, such that &% € Up(dr). In addition, if Assumption 3’ is satisfied, then {@%} =
Ur(ar).

PROOF: Theorem 1 implies, that for any competitive equilibrium {Z%., p%}, allocation
path 27 is recursively efficient. By Theorem 2, every recursively efficient allocation can
be represented by a recursive social welfare allocation for some real, positive, non-zero
weights &p. In particular, this is true for 27. Moreover, once Assumption 3" holds, we
have {24} = Ur(ar). Q.E.D.

The following corollary is implied by Proposition 3.

COROLLARY 4 Let Assumptions 1, 2, and 3 be satisfied. In addition, let for all (i,t) €
IxT and #_, € X,_q, ul(xt, i ) be strictly increasing with respect to xi. Then, for
any competitive equilibrium {&%, ph} such that for any (i,t) € I x T, x}" is non-zero,
there exist some real, strictly positive weights &p := (a)ier, where oy € RLF, such that

5 € Up(&r). In addition, if Assumption 3’ is satisfied, then {24} = Ur(ar).

PROOF: Let {#}, p%} be a competitive equilibrium such that V(i,t) € I x T, z}* is non-
zero. Proposition 4 implies there exist some real, positive, non-zero weights ar such that
i% € Wp(dy). Since V(i,t) € I x T and Vi | € X,_y, ui(x}, i ) is strictly increasing
with respect to ¢, by Corollary 3 we conclude that path of weights @; is strictly positive.
Finally, under Assumption 3" holds, we have {Z%.} = Ur(ar). Q.E.D.

The above results state, that every allocation arising in a competitive equilibrium can
be represented by a solution to a recursive social welfare optimisation problem, given
the proper path of weights &r. Therefore, instead of solving a competitive equilibrium
problem, it is sufficient to determine an allocation maximising recursive social welfare
function. In fact, in various applications finding a fixed point of some operator in order
to determine equilibrium prices and allocations is much more difficult, if not impossible,
than characterizing a solution to some optimisation problem (see Kehoe, 1991, for further
discussion).

What is more, the corollary implies that there exists a method of aggregating preferences
of agents with time-variant tastes and representing them by a single agent in the same
class of preferences. Clearly, as it was mentioned before, social planner in our problem

faces a very similar time-inconsistency issue as every individual agent in the economy.
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Moreover, given the representation, we know that the resulting choice constitutes an
allocation arising in some competitive equilibrium.
In the following section we apply our results to a class of time separable preferences

with hyperbolic discounting.

4.4. FEfficiency, social welfare and hyperbolic discounting

In general, our definition of efficiency does not coincide with Pareto efficiency with
respect to the initial selves, nor renegotiation-proofness. However, in some special cases
the three notions may be equivalent. We devote this section to one such example. In order

to make the paper self-contained, we formally reintroduce the two efficiency notions.'?

DEFINITION 5 Let Assumption 2 be satisfied.

(1) Allocation path &7 € Er is Pareto efficient with respect to the initial selves if there
exists no other &%, € Er such that for all i € 1, ur(&%) > ur(zr), and for some 1,
up(2h) > ur(Zr).

(ii) Let Ry = {&r € Er | Zr is recursively efficient}. Allocation path r € Ry is
renegotiation-proof if there exists no other i € Ry such that for alli € I, ul(if) >

uh(Z7), and for some i, ur(y) > ur(ir).
We proceed with the following Proposition.

PROPOSITION 5 Recall preferences in Example 1. Let for all i € I, v' : R — R be
strictly increasing, concave and once continuously differentiable, with lim x_, 37“,2(2) = 00,
for all k = 1,...,n. In addition, for all i € I, let 6; = 6 and ~; = . Then, any strictly
positive allocation path Tr is Pareto efficient with respect to the initial selves if and only
if there exist a vector a* € RL such that 7 is a recursive social welfare allocation for a
path of weights ap := (ay)ier, where Yt € T, ay = a*. Moreover, Tr is recursively efficient

and renegotiation-proof.

PROOF: First, we prove (=). Let Zr be a strictly positive allocation path, Pareto ef-
ficient with respect to the initial selves. By a well-known result (see Mas-Colell, Whin-
ston, and Green, 1995, Proposition 16.E.2), there exists some a* € ]Rfr such that z7 €

sigi (A1) QG i - : - » xi
argmaxy cp, Y e @ wp(d7). Since v is strictly increasing, Vi € I, o > 0. Moreover,

12Note, that renegotiation-proofness was defined by Luttmer and Mariotti (2007) only for two period
economies. Therefore, we extend the definition in a way we think is accordant with the intuition of the

authors.
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27 satisfies the following necessary and sufficient first order conditions, Vi,j € I, t € T

2 VUi(z)) = oVl (x)),
S - Y
icl icl

Define a path of weights a7 := (ay)er, i € Ri, such that Vt € T, oy = o*. Note, that
the unique recursive social welfare allocation for the weights has to satisfy the first order
conditions as well. Therefore, it must be that 27 € Ur(4%). Moreover, by Proposition 2
the allocation is recursively efficient.

Next, we show («). Take any o* € R!, and define ar := (a4)ier such that Vt € T,
a; = . Take some &7 € Wr(ar). Clearly, it satisfies the above first order conditions,
which implies that &7 € argmaxy cp, >, @ u7p(#%). Hence, by Mas-Colell, Whinston,
and Green (1995, Proposition 16.E.2) it satisfies Definition 5(i). Again, by Proposition 2
the allocation is recursively efficient.

Finally, we show that z is renegotiation-proof. Let Ry be the set of all recursively
efficient allocations. Clearly, 2 € Ry and Ry C FEpr. Since Zr is Pareto efficient with
respect to the initial selves, there exists no other allocation &7, in Ep (hence, in Ry)
such that for all ¢ € I, u%(2%) > ub(2%), and for some i, u(i%) > ulk(2%). Therefore,
Definition 5(ii) is satisfied. Q.E.D.

The above result crucially uses the assumption that discount factors are symmetric
across consumers. Only then the first order conditions characterising all the three notions
of efficiency are equivalent. Moreover, the proposition above does not require the quasi-
hyperbolic specification of discounting. In fact, as long as values of discount factors in
each period are equal across consumers, the claim of Proposition 5 remains true.

Finally, Proposition 5 does not imply that competitive equilibria in the discussed class
of economies are efficient according to Definition 5(i). The result only states that alloca-
tions which are Pareto efficient with respect to the initial selves coincide with a class of
recursively efficient ones, which can be represented by a solution to the recursive social
welfare optimisation problem for some specific, time-invariant weights. In fact, by Luttmer
and Mariotti (2007, Proposition 3) show that in general such allocations do not arise in

a competitive equilibrium.

5. EFFICIENCY OF SEQUENTIAL EQUILIBRIA

As it was discussed in Section 2, our notion of equilibrium characterised in Definitions
1 and 1" might be considered restrictive for two reasons. First of all, we require that at

each date t € T, agents consume bundles z! equal to the inherited consumption rights y;.
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Therefore, the consumption path is determined by the initial self and cannot be altered
by the succeeding incarnations. Hence, even though our framework is dynamic, the notion
of equilibrium seems to be static, as choices are made only once. Clearly, since agents are
sophisticated, consumption plans determined in the initial period are time-consistent and
none of the future selves would strictly benefit from changing the plan. Still, one might
be willing to explore the implications of a more dynamic interaction.

Second of all, we require that for any date ¢ prices of rights to period ¢ consumption
acquired prior to ¢, and prices of the actual period ¢ goods traded at time ¢, have to be
equal. The condition implies that the trade in the economy takes place only once, when
the initial, sophisticated agents trade their optimal, time-consistent consumption plans.
This once again imposes a static structure on an equilibrium.

In the following section we relax the two conditions, and claim that they do not affect

the welfare properties of equilibrium allocations discussed in the previous sections.

5.1. Sequential equilibrium in a two-period economy

First we introduce our definition for a simplified, two-period case. Assume that T =
{1,0}. Each period we allow for the current selves to trade. In the initial period t =
1 we shall distinguish two types of markets: spot markets, where agent can trade the
current period consumption goods (i.e. consumption bundles in X3), and futures markets,
where consumers exchange their rights to future consumption (i.e. consumption bundles
in Xy). We denote consumption in the initial period by x{ € X;, and rights to period 0
consumption traded at period 1 by yﬁo € Xo. Moreover, let y1o := (y}o)ier € X denote
an allocation of rights to period 0 consumption traded at date 1.

Let p1 € RY', denote prices of date 1 consumption goods evaluated at period 1 spot
market. Let g0 € R'}% denote prices of rights to period 0 consumption, quoted at the
futures market at date 1. Given period 1 prices (p1,qij0), the total wealth of consumer ¢
in period 1 is equal to the value of his total initial endowment p; - €} + gy - €f,. Hence,
the budget set of agent ¢ at the initial date is determined by values of correspondence
By R, xR™ x X; =3 X,

(5.1)  Bi(p, Q10 €}) == {(x’i,y’ﬂo) € X, | p1- 2+ qupo - yli|o <pi-€e+qo- 66} .

In the final period, given date 0 spot market prices p, € R’ , the total wealth of
agent 7 is determined by the value of the rights to consumption yho inherited from the

previous period. Therefore, the budget set is determined by values of correspondence
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By : R, x Xy = X,
(5.2)  Bo(po,yip) == {6 € Xo | po- x5 <po-yip}-

Since no consumption takes place beyond date 0, there is no futures market in the final
period.

Next, we establish how the choice is determined in the final period. Take a vector
yﬁo € Xy of period 0 consumption rights, and period 0 spot market prices p, € R, . The

possible choices of period 0 self of agent ¢ are determined by values of correspondence

W:Ri%XX():gXo,
(5.3) \N/Oi(pg,yﬁo) = {xf) € Xo | o) is a ={-g.e. of Bé(po,yﬁo)} ,

similarly to (2.3). Given that agents are sophisticated, while acquiring (w’i,y’ﬂo) in the
initial period they take into account the actual consumption =z that will take place at
date 0. In particular, that z} € f/oi(po, yﬁo). Hence, agents evaluate their preferences over
vectors (x4, x) € X, where i, € W(pg,y’ﬂo), rather than (z1,yj). Given path of prices
P1 = (p1,po) and qqo, period 1 selves evaluate the set of all affordable, time-consistent

consumption paths, i.e. values of correspondence Fj : RTQL”O x R x Xy = Xy,

(5-4) Ff(ﬁhQHOu éi) =
{(ah2) € X1 | 2l € Vi(po, yi). where (o5, i) € Bi(pr, auo. 1)}

and choose an element of F}(py, 10, ¢!) which maximises their current preferences. Hence,

the set of choices of date 1 self of agent ¢ is determined by values of correspondence
ViR R™ % Xy = X,

(5:5) V(b a.ét) = { (@}, ab) € X | (al,2h) is & =i-ge. of Fl(p1, qip,él) }

Note that the optimisation problem of sophisticated agents in the initial period is very
similar to the one introduced in (2.5), apart from two differences. First of all, we do not
require for prices of rights to period 0 consumption ¢;|o to be equal to prices py of the actual
consumption taking place at date 0. Second of all, we allow for the actual consumption
taking place in period 0 — z}, to differ from the inherited rights to consumption yi‘o. We

proceed with our definition of sequential equilibrium.

DEFINITION 6 (Sequential equilibrium) Assume T = {1,0}. A sequential equilibrium of
an economy starting at date 1 is a tuple of an allocation path x3, an allocation of period
0 consumption rights y’l"lo, a path of spot market prices p;, and futures market prices qﬂor

summarised by {Z7, Y10, D1 qi‘lo}, such that
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(i) given p3, qi‘lo, the initial selves choose an optimal, time-consistent consumption plan,
i.e. foralli €I, %' € W(ﬁ’{,qﬂo,éi);
(i) given py, q’ﬂo, the rights to consumption are chosen consistently, i.e. for all i € I,
(27, y5l) € Bi(p}, @iy, €1) and ' € Vi (p5, yiiy);
(i) spot markets and futures markets clear, i.e. Y, xi" = >, ., €l and Y, yﬁo =

Zie[ xai = Zie] 66-

The above notion of sequential equilibrium is more general than the one characterised
in Definition 1. In particular, it introduces a sequence of spot and futures markets where

each period, the current selves can re-trade their consumption goods and claims.

5.2. Sequential equilibrium in a multiple-period economy

Let T be an arbitrary number in N. As in the two-period case, at each date t we
allow the current selves to trade on two types of markets: spot markets, where agents can
trade the current period consumption goods (i.e. consumption bundles in X;), and futures
markets, where consumers may exchange their rights to future consumption (i.e. elements
in Xt_l). The current consumption bundle is denoted by x! € X;. Let Yyr € Xi be a
vector of rights to period k& consumption, which were acquired on futures market at date
t. Therefore, a portfolio acquired at period ¢, of rights to consumption from date s till
period 0, is represented by 3)§|s = (yf‘k)zzo. By construction, we let g}f‘s = (Yo g)§|5_1) =
(yf‘s, y;|s—l7 - ,yjas,), for any s’ < s.

An allocation of rights to date s consumption acquired in period ¢ is denoted by yy s :=
(yi\s)ie 7 € XL, At the same time, an allocation of portfolios acquired at date t of rights to
consumption following date s will be represented by gy s = (Q§|S)ie ; € X!. Similarly, we
let Gus 1= (Yelss Jejs—1) = (Ytjsr Yels—15 - - - » o), for any s" < s.

Period ¢ spot market prices are denoted by p, € R, . Let N; := Zizo ns. Hence,
P = (ps)ig € Rfﬁr denotes a path of spot market prices following date ¢. As in the case
of consumption paths, we have p; = (p, pr—1) = (P, Pe—1---,pr), for any t' < t. Finally,
date ¢ futures market prices to period & consumption goods are represented by gy € R}, .
Therefore, G5 == (qx)i—o € Rfi is a vector of prices quoted at the futures market in
period t for rights to consumption bundles following date s.

We construct the optimisation problem of date t self of agent i as follows. In the final
period 0, given spot market prices py and an inherited vector of rights to consumption
yi‘o, consumer i determines the set of >/ -greatest elements of By(po, yio), defined in (5.2).

The set of his optimal choices is then V7 (po, y11'|0), as in (5.3).
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In period ¢t = 1, the consumer determines the set of all affordable, time-consistent con-
sumption paths and chooses the one which maximises his preferences. The only difference
with respect to the two-period case, is that at the beginning of period 1 the current self is
in possession of a portfolio of rights to date 1 and date 0 consumption bundles inherited
from period 2, ygu € Xl, rather than éi. Therefore, the set of affordable, time-consistent
consumption paths is Ff(ﬁl,quo,Q;u), where correspondence F} is defined as in (5.4).
Similarly, the set of choices is V{'(p1, qijo, 93,), where V' is defined as in (5.5).

By backward induction, we determine the set of all affordable and time-consistent con-
sumption paths for any t. At the beginning of time ¢, every consumer has a portfolio of
rights to consumption following date ¢, IR (y: +1|s)i=:0 € Xt, which was acquired on
the futures market in the preceding period — (¢t + 1). The budget set is then determined

by values of correspondence B; : R%, % Rfﬁ;l x X; = Xt,

(5.6) Bt(pt;dt\t—lugz+1|t) =
{(ﬂm ?)i\t_l) € Xe | peo @+ Q-1 Ty < Do Yrgape + Geje—1 - gi“‘t_l} '

Hence, the set of affordable and time-consistent choices is determined by F} : R x
t—1 A~ A~
Rz % X, = X,

(5.7 F} (ps, (és|s_1)2:1,@2+1|t) =
{(gji’i’i_l) c Xt | ii’i_l € ‘/Z_l(ﬁtfla (ds|571)2;ﬁ71)§|t—1)7
where (a:i,g],f‘t,l) € Bt(ptyqt\t—lngJrl\t)}?

where V}i | (pr_1, (cjs|s,1)§;11,;g§|t71) is the set of optimal, time-consistent choices of the
following self at date (t — 1). Being consistent with our recursive structure, the set is

- t—1 R ~
determined by values of correspondence V}' : ]Rfﬁr X R%j_zo Ne Xy =2 Xy,
(58) V;fl (ﬁta ((js|sfl)‘t9:1>g§+1\t) = {QAZ'; € Xt | :i‘ff iS a ii_g'e' Of th (ﬁta (st|571)i:17:&§+1|t)} .

Note, that correspondences Fti and f/j are constructed analogously to correspondences
F{ and V} in Section 2.2. However, there are two differences. First of all, prices of rights to
consumption and the actual consumption may differ, which is implied by different notation
for the spot market price of date ¢ consumption — p;, and rights to period ¢ consumption
acquired at date k — qi;. Moreover, note that prices of rights to consumption at date ¢,
acquired in any two periods k and k', where k, k' > ¢, denoted respectively by gy; and gu¢,
may also be different, since they are quoted at different moments in time. For this reason,

when making a choice at time ¢, the current period self needs to take into account not
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only the path of the spot market prices following date t, but also the prices of portfolios
quoted at the futures markets in every period following date ¢.

Second of all, we do not require that the rights to consumption inherited from the
previous period coincide with the actual consumption. Note that by definition of set
Fti(ﬁt, (Qss—1)=1 ?),fﬂ‘t), we consider consumption path % = (2,2 ;) to be time consis-
tent, if there exists a portfolio g§|t71 which is affordable, i.e (zi, ?)i\tq) € By(pt, Guji—1, gjzﬂ‘t),
and once the following self inherits % .1, consumption path #;_; constitutes one of his
optimal choices, i.e. 2 |, € Vi (pr_1, (Gofs—1)5=1s Uiy 1)-

The above specification of the consumer optimisation problem admits a much more
sophisticated behaviour of agents. In particular, it might be that case, that even though
at time ¢ the current self cannot afford &_,, i.e. (v},2} ;) & Bi(ps, Goje—1, Jiy1)), he may
acquire a portfolio g, , such that #;_, € Vi (P, (Gsjs—1)s=1 Jipp_y)- Therefore, even
though some consumption bundles might not be affordable at the current set of prices, it
is possible that once an agent finds himself in a different period, the bundle might become

affordable under the new set of prices.

We define a generalised notion of competitive equilibrium introduced in Definition 6.

DEFINITION 6’ (Sequential equilibrium) Given the endowment distribution (é4)icr, a
sequential equilibrium of an economy starting at date T is a tuple of an allocation path
27, a sequence of portfolio allocations (gat—l)zzlf a path of spot market prices py., and a se-
quence of futures market prices (4, )i—y, summarised by {&%p, (95, 1)i=1, D7s (G 1)1}
such that

(i) given pkr and ((j;]t—l)?zlf the initial selves choose an optimal, time-consistent con-
sumption plan, i.e. for alli € I, 27 € Vi(py, (G, )i=1, €7);

(i1) given p}. and ((j;]t_l)tT:l, the rights to consumption are chosen consistently, i.e. for
all (i,t) € 1 x T/{0}, we have (e, G5i_,) € Bupi. (@, 1)or.diry) and &7 €
‘7;(15:’ (‘j:|371)§:1> g:ﬁf—l)7 where ?j}i+1|T = ér;

(iii) spot and futures markets clear, i.c. for allt € T, and any s < t, we have ), yjfs =

Zie[ xfg = Zie[ ef;.

Clearly, in the two-period case Definitions 6 and 6’ are equivalent. The following result

is directly implied by the above definition.

COROLLARY 5 Let {i%, (Q:'t_l)tT:l,ﬁ*T, (Q:|t_1)f:1} be a sequential equilibrium of an econ-
omy starting at date T'. Then, for anyt < T, {z7, (g);Sil)izl,ﬁI, (Cj:|571)i=:1} is a sequential

equilibrium of an economy starting at date t, for distribution of endowments (?)ﬁ.m)iel'
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PRrROOF: Let {@%, (g);‘“fl)tT:l,ﬁ}, (‘jtﬁtq)?zl} be a sequential equilibrium. Take any ¢t < T,
and adjust Definition 6" for T" = ¢, with (gﬁrut)ie 7 being the distribution of the initial
endowment. Clearly, condition (iii) of Definition 6 is satisfied. By construction, Vi € I
and ¢ < T7 i‘*TZ < V’Ii“(ﬁ?7((j:|t—1)f:17é%“) implies i;tm S Vti(ﬁ:?(q:\s—1>é:1=g:il|t)' Hence?
conditions (i) and (ii) also hold. Q.E.D.

What is interesting, is that even though the above definition seems to be more gen-
eral and admit more sophisticated interaction between agents and their different selves,
the notions of competitive and sequential equilibrium are equivalent, as we show in the

following section.

5.3. Equilibrium equivalence

Before we state our equivalence result, we show several properties of sequential equilibria

which might be of a separate interest.

PROPOSITION 6 Let Assumption 1 be satisfied and {&%, (J;,_1){1, D7, (@1 )iz} be a
sequential equilibrium. Then, for all (i,t) € I X T, we have (j;;l‘t-i:;‘i = (j;”t@;‘illt, where
Q¥+1|T = ey, and Urgayr = (P7, Q;“|T—1>‘ Moreover, pg - x5 = pj - yﬁo-

The argument supporting the above claim is rather extensive, hence we presented it in
the Appendix. In the main body of the paper we prove a two-period version of the above

proposition. Consider the following corollary.

COROLLARY 6 Assume T := {1,0}. Let Assumption 1 be satisfied and {7, Yi0: D1 qﬂo}
be a sequential equilibrium. Then, for all © € I, we have qﬁo cx = qﬁo ~y1‘|i0 and p§ -z =

* *7
Po " Yijo-

PROOF: By Assumption 1 we have Vi € I, p -z}’ = pj, - yi‘lio. Hence, it suffices to prove
that g7, - xy = Bo - yﬁo-

First, we claim that qﬁo . yﬁo < qﬁo - xf’. Assume the opposite, i.e. qﬂo . yﬂ’o > qﬁo -~
Then we have p} '$TZ+QT|0'Z‘SZ <pj -:Jc’{’—l—q’f‘o-yﬁo < p’{-qu;'O-eg. By Assumption 1, there
exists a ¥ € X; such that (zf,z}") € By (P, 405 ét) and (zf,z§") =% &3 By definition,
we have x5 € Vi (p5, yify)- Since pg- 25’ = pi- iy, this implies that 25’ € Vi (p, '), which
contradicts that 27" € Vi (5}, ¢5), €})-

Next, we show that q1‘|0 . y’fro > q’ﬁo - xj’. By the previous argument we know that
Vi € I, Ao~ Yijo < o - 24 Assume that for some i we have 4o - Yijo < dijo * %0 -

Then ¢}y - > ie; y;‘fo < QYo Dier z}'. However, by condition (iii) of Definition 6, we have
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Dier yﬁo = Dier 7y = D ier ep. Hence, it must be that qr|0 FDier yﬁo > qT|0 FDier g,
which yields contradiction. Q.E.D.

Proposition 6 implies that in any sequential equilibrium, all agents can afford their actu-
ally consumed paths of bundles. Moreover, in any period the value of their portfolio equals

the value of the equilibrium consumption path. This implies the following proposition.

PROPOSITION 7  Let Assumption 1 be satisfied and {&%, (gat—l){:l’ﬁ;“? Qj:\tfl)?:l} be a
sequential equilibrium. Then, tuple {Z%, (gjg‘tfl)thl,ﬁi}, (cjatfl)f:l}, where for all (i,t) €

I x T/{0}, we have i, | = &2, is also a sequential equilibrium.

Once again, we move the proof of the result to the Appendix and present an argument

supporting the two-period case of the above proposition.

COROLLARY 7  Assume T = {1,0}. Let Assumption 1 be satisfied, and {7, Yij0) DT qik|0}

be a sequential equilibrium. Then {Z7, z§, Py, qﬂo} 18 also a sequential equilibrium.

Proor: Let {77, Yijo- p7, qiklo} be a sequential equilibrium. We need to verify, that tuple
{z3%, x5, p7, q’ﬂo} is also a sequential equilibrium. Clearly, condition (iii) of Definition 6 is
satisfied. Therefore, it suffices to verify that conditions (i) and (ii) hold.

By Corollary 6, we have Vi € I, ¢j, - T = i yffo. Hence, (23, 23" € Bi(pt, o él).
Moreover, Vi € I, p§-xf = pg-yﬁo. Therefore, z' € Vi (pg, z3'), which implies that Vi € I,
7" € VI (BT, 4jp: €1)- Q.E.D.

In the following proposition we establish that at any period t, equilibrium spot prices

of period ¢ consumption p; are equal to the futures market prices q;t, quoted at any date
s> t.

PROPOSITION 8  Let Assumption 1 be satisfied and ), , ¢4 be strictly positive. Then,

for any sequential equilibrium {27, (9}, _1)i=1,Dps (@1 )izt }, we have ¢, = (P}, d5,_y)

and qyo = Py (up to a scalar), for anyt € T and s > t.

We prove a two-period version of the above corollary, while the general argument is

presented in the Appendix.!?

COROLLARY 8 Assume T = {1,0}. Let Assumption 1 be satisfied and > _._; e be strictly

i€l
positive. Then, for any sequential equilibrium {f{,yﬂo,ﬁ’{, q’ﬁo}, we have g3, = p; (up to

a scalar).

13T am grateful to John Quah for useful comments which allowed me to simplify the proof.
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PROOF: Let {i}‘,yﬂo,ﬁ}‘,qﬂo} be a sequential equilibrium. For any ¢ € I define sets
P(xf’) = {xf € Xo | py- x5 = py - 5’} and Q(ay7) = {xf € Xo | ¢y - 6 = ¢ - @5’} By
definition z* € P(x§") N Q(xf").

First, we claim that for any zj € P(z'), we have ¢jjo - 25 > ¢f) - 5'. We show it by
contradiction. Assume that there exists ¢ € I and zf € P(xf’) such that qi“o-xé < QT|0‘$Si~
Then, Assumption 1 and Corollary 6 imply that pj - 27" + Qro - T < P12+ G - T =
Py + qi‘m . yi‘fo <pj-ef+ qﬁo -eg. In addition, Corollary 6 implies that p{ - x5" = pf - yi‘fo,
and since =, € P(x}'), we have p}-x} = pg-yﬁo. Therefore, By(pj, x})) = Bo(p, yi‘fo), which
implies that z* € Vy(pg, xf). By Assumption ??, there exists some z} € X; such that
(24, i) € By(p?, @jo- €1) and (z7, 25") =1 27, which contradicts that " € Vi(pt, @j0s €1)-
Hence, g}, - xh > @i - Tl

Next, assume that qio # p§ (up to a scalar). By Lemma A.5 and the above claim, this
implies that P(z§') N Q) C 0Xo. For all i € I, define v' = (pg - &)/ (0§ - e €0)
and z!, = 'Y, ; e(. By construction, Vi € I, we have !, € P(x'). Moreover, the market
clearing condition implies >, ;' = 1.

Since Y, ; €l is strictly positive, whenever z’ is non-zero it must be that z!, & P(z{") N
Q(xy'). Hence, Qo r > Qo zhl, as well as Ao DTl > Qo > icr vy’ However, then
o Dier €)= To  Dier T, > To Dier g = To - 2ier ¢- Contradiction. Q-E.D.

Propositions 6 and 8 have an important implication, which we state in the following

proposition.

PROPOSITION 9 (Equilibrium equivalence) Let Assumption 1 be satisfied and Y, ; €%,
be strictly positive. Then {4, ph} is a competitive equilibrium if and only if there exist
sequences (5L, and (§,_)Ey such that {5, (5, Vs B (@ s} i sequential

equilibrium.

ProOOF: First we prove (=). Let {Z%, p%} be a competitive equilibrium. We claim that
{85, (U )i=1: Prs (@1 )ize ), where for all ¢ € T, s > &, yl, = o7 and ¢}, = pj, is
a sequential equilibrium. Clearly, conditions (ii) and (iii) of Definition 6’ are satisfied.
Moreover, in this case Vi(pi, (Gfs_1)iz1> €7) = Vi (P, ). Hence condition (i) also holds.

To show (<=), assume that {27, (9, ,)i—1, 97, (@)j,_1)i=1} is a sequential equilibrium.
By Proposition 6, so is {#%, (9}, )i=1, D5 (G,_1){=1}, where V& € T, s > 1, g, = .
Moreover, by Proposition 8, Vi € T', s > 0, qj, = (p, (j:]tfl) and ¢, = pj (up to a scalar).
Hence, it is always possible to normalise prices such that q:| , =p;, forallt €T, s>t
Clearly, condition (ii) of Definition 1" is satisfied. Since V;(p7, (45}, )i=1, €7) = V7(p7, €),
so is (i). Q.E.D.
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Note, that in general there is a greater number of sequential equilibria than competitive
equilibria, simply by the fact that there are many variations of portfolio structure which
support the same equilibrium allocation z7. However, if one is interested solely in the
actual consumption taking place in the equilibrium, then the two notions give equivalent

implications.

APPENDIX

We begin this section with several lemmas used in the proofs of our main results. First we
determine properties of optimal choices of consumers in a multi-period economy defined
in Section 2.2. The notation used in the argument below refers to the one presented in

that section.

LEMMA A.1 Foranyt e T, p, € RN and §, §i € X, such that p, - § = p -, we have
F{ (pe. 9') = F{ (P, ;) and Vi (Pr, 91) = Vi (Br, G5)-

PrROOF: Take any t € T and any two 4/, §i € X, such that p, - 4 = p, - §i. By defini-
tion, F}(pg,9L) = { xl 3t ) € Bu(p, 9i) | 21, € Vi (Pe_1, 2i ) } Clearly, B:(p:,9i) =
By (pe, 511), hence Fi(pe,91) = Fi(pe, 9)). Since Vi(py,9t) and Vi(pg, 9)') contain the =i-

greatest elements of F}(py, i) and F}(ps, ;') respectively, the two sets are equal. Q.E.D.

LEMMA A.2 Let i € Vi(py, 1), Then, for any 2 € X, such that for all t' <t, i/t ~i, &,

and py - Ty = pp - L, we have &} € Vi (py, TL).

Proor: We prove the result by induction. First consider the final period 0, and let
zl € Vi(po,x}). Take some 938 € Xy such that z ~ z{ and po - xf = po - x}. Clearly,
xf € Bo(po, ). Since xff ~§ xi, we have z{i € Vi(po,z)).

Next, take any ¢t € T and & € Vii(p,#!). Let 2/ € X; be such that V&' < t, we
have 27, ~! %!, and py - 2}, = pp - &%,. Assume that 2, € V;" (pi_1,7% ;). Lemma
A.1 implies that 2}, € V' (p;_1,2} ;). Moreover, by definition we have F}(p;,#!) :=
{(z,2_1) € Bi(pr, &) | 2i_y € Vi (pr-1, 2i_1)} . Clearly, 2} € By(py,2i). Since &}, €
Vi (Pe_1, 7)), we have 2 € Fi(ps, ). Hence, 2/ € Vii(py, ), which completes the
proof. Q.E.D.

Now we can proceed with the proof of Theorem 1. We obtain the result by induc-
tion. However, since the proof is extensive, we present it through a sequence of claims.
Throughout the following argument we assume that {Z%., p%.} is a competitive equilibrium

satisfying Definition 1°.
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Cramm A1 Allocation xjy is post-0 efficient. Moreover, for any xo € Ey such that for all

i €1, xf ~f xf', we have pf - xf = piy - i, for alli € I.

PROOF: Since {@%,p5} is a competitive equilibrium, by Corollary 1 pair {Z7,p;} is
a competitive equilibrium of an economy starting at date 1, given the distribution of

endowments (23");c;. The rest follows from Claims 2 and 3 in Section 3.2. Q.E.D.

CLAIM A2 Take any @, € Xyy1 such that for allt’ < t, &, ~i, 23" and p} -2} = P} -3

X1 *1 )

0 7 * 7 * 0 7 * 7 * *7
Then &y yy =g Tihy = Dip1Tipn 2 PrprTipr ond Tyyy =4 T = Dl i > Dl T -

PROOF: Since {4, pi} is a competitive equilibrium, by Corollary 1 {Z}, p; } is a competi-
tive equilibrium following date ¢, for the distribution of endowments (Z;%);c;. In particular,
Viel, &y e Vi(p;, ;). Similarly, {#},,,p;,,} is a competitive equilibrium following date
t+ 1, for distribution of endowments (2}, );e;. Hence @7, € V', | (pf 1, &7%,) for all i. Let
2%, = (i,,,%)) € X;y, be specified as in the thesis of the claim. Given the assumptions
as well as Lemmas A.1 and A.2, we have %i, 2} € V}(p;, 2;"), for any i.

We begin with proving the first part of the claim by contradiction. Assume that #%,, =/, ,
&, and pig - xl,y < pig -y, Since Y < t, py - &, = py - &3, we have pf 4 - x),, +
Py - Ty < Pl - xfy +Df - 7. By Assumption 1, there exists some 7', ; € X4 such that
(@41, 21) € Bera (P, 275) and (wf, ) =i 4, Therefore, (2, %) ={, 2714

Recall that by Lemma A.1, &, € Vi (p;, z7") = Vi (p;, &}). Hence, (x,,, ;) belongs to
F! 1 (riq, Z744). This contradicts that 27, € V), (54, @7}, ), so it must be that 2}, =} 4

)

T = Pier Ty = Piay - T

Next, assume that #},, >1,, @;%,. By the first part of the claim, we know that p;,, -
Tyt = Pipr - Ui Let piyy - oy = Py - @34y Then 3, € Biya(Pryq, 2744 ). Moreover,
since &) € Vi (p;, ;") = Vi (p;, ;) (by Lemma A.2), we have &}, € F} ,(p;,,2;%,). This
i

contradicts that 2%, € V', (py, 1, 2%,). Therefore, we have &}, =, | &1, = pf - zj, >
* *1
Dii1 Thiq- Q.E.D.

CrAM A3 Let z7 be post-t efficient for some t € T. Moreover, assume that for any
feasible T4,y € Eyy1 we have that if for all i € I and all t' < t, &, ~% &3, then for all
i€l and allt' <t, pj - &l = pj - @', Then &7, is post-(t + 1) efficient.

ProOOF: We prove the claim by contradiction. Assume, that Z; , is not post-(t + 1)
efficient. Therefore, there exists some other Z;,1 € E;;; such that Vi € I and V¢’ < (t+1),
we have 7%, =, 2% and for some i and ¢’ < (¢t + 1), 2% = @3

By assumption, Z} is post-t efficient, so it must be that Vi € I and V' < t, &}, ~% &}’

Therefore, for the above statement to hold we must have Vi € I, @i, =i, @}, and



P. DZIEWULSKI/OPTIMALITY AND TIME-DEPENDENT PREFERENCES 37

for some i, Zj,, =i, @;};. Claim A.2 and the market clearing condition imply that
* 7 * *7 ok 7 -, : :

Piv1 Dier Ter > Pi1  Dier Tip1 = Piv1 * Dier €e1- Bub, Zin € Ejg, so in particular

Piv1 " Doier Tio1 < Pip1 - Dies €ia1- Contradiction. Q.E.D.

Cramm A4 Take any T4 € By such that for alli € I and all t' < t, &, ~ &} and

Py &l =py-ay If for alli € I, @ty ~i &7y, then for alli € I, Py - &, = Proy - T3,
ProOOF: Take any ;1 € E;,1 which satisfies the thesis of the claim. By Claim A.2, we
know that Vi € I, whenever &}, , ~;, | @, then pj,, -2}, > p; ;-2 ,. Assume that for
some i, Py iy - Tipy > Piyrt Trir- Then piyy - 3 0icr @i > Py Doier Tin = Piva Dier Ciar-
Since &4 is feasible, in particular Y, ;pf, ;- 2t < 3, Piq - €hyq. Contradiction.

To complete the proof, recall that by assumption Vi € I and Vt' < t, we have p}, -
&}, = pj - ;. By the above argument Vi € I, p},, -}, = p},; - «;},. Hence, Vi € I,
Piy1 £i+1 = P jﬁq Q.E.D.

Given the necessary prerequisites, we proceed with the proof of our first main theorem.

PROOF OF THEOREM 1: Let {Z%, p’} be a competitive equilibrium. We prove the result
by induction. First, consider the final period 0. By Claim A.1, we know that x{ is post-

0 efficient. Moreover, for any xy € Ey such that Vi € I, 2 ~ x}', we have Vi € I,

Py T = Doy
By Claim A.3, we know that whenever z; is post-¢ efficient, and for any z; € E; such
that Vi € I and V' < ¢, &, ~., @} implies that Vi € [ and V¢’ <, p, - &}, = p}, - &}/, then
&y, is post-(t + 1) efficient. In addition, Claim A.4 implies that for any 2,1, € E;4; such
that Vi € I and Vt' < (t+1), &% ~% &}, we have Vi € [ and V' < (t+1), piy - 2% = pi - 237
Since the property is satisfied by the allocation in period 0, it also satisfied at any period
t € T. Therefore, for any ¢t € T, allocation z; is post-t efficient, and so it is recursively

efficient. Q.E.D.

PROOF OF THEOREM 2: Assume that Z7 is a recursively efficient allocation. We prove
the result by induction. First, take ¢t = 0. Let ug : X — R, be defined as ug := (uf)ier,
and U} := wug(Ep). Since Vi € I, u}) is convex, it is also continuous (see Rockafellar,
1970, Theorem 10.1). Therefore, by compactness of Ey, U/ is compact. Let Uy := {u €
R! | Vo € Ey, Vi € I, v < ui(xf)}. By Assumption 3, Uy is convex. Moreover, by
construction Uy = U] — ]Rfr. Hence, Uy is closed and bounded above.

Denote uf = u(xg). By definition of Zr, there exists no other x; € Ej such that Vi € I,
ub(zg) > uf(xh), and uf(zy) > u'(z)) for some i. Hence, it must be that uj € dUy. By

the separating hyperplane theorem (see, e.g. Aliprantis and Border, 2006, Theorem 7.30),
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there exists some non-zero vector oy € R! such that Vu € Uy, ay - uy > o - u. Since
Uy — Rfr C Uy, it must be that «y € Ri. By construction, this implies that zq € ¥o(ayp).
Finally, by strict concavity of u} and convexity of Ep, it must be that {x¢} = ¥y(ayp).

Next, take any t € T. Assume that there exists a path of non-zero, positive vectors
&y such that Wy(&y) = {#;}. Clearly, in this case I't;1(dy) is compact and convex. Let
Upgr th+1 — R! be define by w1 = (uj)ier, and Uy, = ugs1(Diyq). Since Vi € X,
up, (zh,,, 7)) is concave with respect to zj,,, it is also continuous with respect to zj_,
(by Rockafellar, 1970, Theorem 10.1). Therefore, U/, is compact. Let U1 = {u €
R | Vi, € Tipa(de), Vi € I, u' < ul,(2),,)}, which is convex. Moreover, Upq =

/.1 — RL. Compactness of U/, implies that Uy is closed and bounded above.

To complete the proof denote u;,; = uy11(Z11). By definition, 241 is post-(t + 1)
efficient, so it must be that u;,, € OU.41. By the separating hyperplane theorem (see
Aliprantis and Border, 2006, Theorem 7.30), there exists some non-zero vector oy, € Rf
such that Vu € U1, oy -ufy ) > oqr - Since Uy gy —Ri C U;yq, it must be that a1 €
R’ . Therefore, by construction 11 € Wipq(@ys1), where dypq = (aug1, &y). Eventually,
as Vil € Xy, ul, (2l ,,2) is strictly concave with respect to a7, and I'; convex, we have

Wip1(Gesr) = {Zeq1 }- QE.D.

Before we proceed with proofs of results presented in Section 5.3, we introduce the

following lemmas.

LEMMA A3 For any p; € RYY, (Gojs1)t, € ]RZS °and Gy Uy € X! such that
Pt - f‘/t+1|t + Qe - yt+1|t—1 4 yt+1\t + Qe - yt+1|t—17 we have Vi (P, (Qsfs—1)s=1, g)erl\t) -
‘/tl(ﬁt’ (st\s—1>é:17 gf—i—l\t)'

PROOF: Recall that by (5.7) we have

FE (P o) ) o= { (o 2i0) € Ko | @1y € Vi (Birs oo )'h B,
where (xi,j&é‘t_l) € B’t(Pt,Qt\t—bQéﬂ\t)}-

By assumption we have p; - yiﬂ‘t + Gepr—1 - g)§+l|t_1 = p;- yﬁi-llt + Gejr—1 - Qz,5i+1|t—1’ which
implies that Bt(pt7(jtlt—17gz+1|t> = Bt(ptvqt\t—lvggil\t)v and so Ff(ﬁt, (q8\8—1)2=17g§+1\t) =
Fti(ﬁh(g8\8—1>2217gﬁ&—1\t)' Since f/ti(ﬁt?(QS\S—l)ézlng—s—Ht) and ‘Zﬁi(f)h(é8|8—1)g:17gf—|—1|t) con-
tain the =!-greatest elements of ﬁf(ﬁt, (cjs|8,1)§:1,@§+l‘t) and Ff(ﬁt, (cjs‘s,l)izl,g)ﬁm) re-
spectively, they also must be equal. Q.E.D.

LEMMA A4 Let Assumption 1 be satisfied and {7, (43, D s (G5 D} be a se-
quential equilibrium. If & € Vi(ps, (GZe )iz, itay), then 7 € Vi(p:, (GFe1)imrs T71).-
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PROOF: We prove the result by induction. Take ¢t = 0, and =}’ € \Z{(pé‘),yﬁo). By by
local non-satiation of preferences induced by Assumption 1, we have pf - z§' = pj - Yios
which implies that Bo(pg,yif,) = Bo(ps, xg'). Therefore, Vi (ps, z5') = Vi (ps,yify) and
x5 € Vi (0, x5')-

Next, take any ¢ € T and assume that &%, € Vi | (pF,, (qA;Sfl)g;ll, 27" ,). We show that
the same property holds at period ¢. By (5.7)

Fti (ﬁm (d:|s—l)§:17 g:j—lﬁ) = {(‘I;’ ji—l) S Xt | i‘i—l < ‘Zj—l(ﬁr—l’ <qA:|S_1)Z;117Z)§|t_1),
where (xi,%t,l) S Bt(ﬁ@f\pu@ﬁﬂt)}‘

We begin by showing that & € B,(p}, A1 gj:illt), with p} ~x;‘i+q}*‘t_1 &7 = p} -yt*i”t—l—
qu<|t—1 ’ f‘)ﬁut—r

First, we argue that pf -2y +¢;, ;- %72y 2 iy T 1 Ui Assume the opposite.
By Assumption 1, there exists some x} € X, such that (z}/,2}",) € Bt(pj,(j;]tfl,gfi”t)
and (z}, 21" |) >=! 2. Moreover, by assumption #* | € V' | (pF_,, (G%s_1)s=1, 111). Hence,
(2, 271,) € F} (57, (@-1)'mr G511y)» which contradicts that &7 € V57, (62, 50

Next we argue that pj - x}* + d:|t_1 ~ayt, < pf- yﬁrut + (j;jt_l . g)fjr”t_l. By the previous
argument we know that for all ¢ € I, p; - z}* + cj;jtfl ST >y Yo T cjt*“fl . 'gﬁrl\tfl'
Assume that for some ¢, we have p} - z;* + Qg1 - Tiie > D8 Yiae T Q-1 - Uitaje—r- Then,
UEDDSE AR ije—1 - Dier Tt >0 Yie y:j—ut T D iel g:j—nt—l‘ However, by the
market clearing condition we have p; - Y, e} + Qi1 " Doier € =D Y e T+ Qe -
D ier Tyt > pf Dicr yﬁrl\t + QZ]H Dier gﬁrutq =D} Dier e; + Cj:\tfl Dier é;_y, which
yields contradiction.

By the above claim as well as Lemma A.3, we conclude that V}(ps, (G3e 1 )oms 371) =
Vipr, (@55—1)5=15 U1y),)- Hence, 27° € Vi(p;, (@55-1)s=1, 1) Q.E.D.
PROOF OF PROPOSITION 6: Let {27, (yj;]tfl)f:l,ﬁi}, (Cjatq)tT:l} be a sequential equilib-
rium. By Corollary 5, {f’f,yflo,ﬁf,qﬁo} constitutes a sequential equilibrium starting at
date 1, with (g);“l)l-e 7 being the distribution of initial endowments. Hence, by Corollary 6
we have pg - yijo = P - 25

Take any ¢t € T'. First we show that ‘j:\tq -]jz‘iut < cj;“tfl -2} ,. Assume the opposite, i.e.
Cjt*ltq'iﬁl < qAZkltfl.gt*lifl‘ Then, P%k'xquﬁtq'fﬁl < Pf'l'%ki"“jfltﬂ'gfﬁﬂ < pr'yﬁrl\t""qt*ltﬂ'
Jft11s—1- By Assumption 1, there exists a 2}’ € X, such that (z}’, #1,) € Bi(pf, @y, 95t1))
and (2,23 ,) =i #¥. By Lemma A4, 23, € Vi (pr_,, (G4s1)szts @72,). Hence, we have
(zf, #1Ly) € F;tl(ﬁ:v (qA:|571)§:17 ?J:iut)? which contradicts that 27" € th (1, (@:\371)2:17 ?J:iut)-

Next, we show that Cjt*|t71 . @:\171 > cj;/’“tfl - 2;* ;. By the previous argument we have

~k ey ok T ; ; Ak . 1%L
Q-1 Oije—1 < Qe - T14 for all 7. Assume that for some ¢ we have AP Y il U1 <
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7o - 27" ,. Then Qi1 Dier gjt*ﬁ'ffl <y Dier #7",. However, by the market clearing
condition we have ¢, ;- ;e & = 12 ie1 Z?Z‘ﬁq < Q1D ser B, = 12 ie1 €1
Contradiction. Q.E.D.
PROOF OF PROPOSITION 7: Let {Z%, (ym iy, s (G U1} be a sequential equilib-
rium. Let V(i,t) € I x T/{0}, ?)ﬁt | = &7%y. We show that {27, (yt\t_l)tT:ppw (Qt|t—1)t:1}
is also a sequential equilibrium.

Clearly, the market clearing condition holds. Moreover, by Lemma A.4, V(i,t) € I x
T, @} € V"(pt,(ASIS Di_1,2). On the other hand, by Proposition 6 we have }* €
Bt(pt,qﬂt_l, ytﬂ‘t). The proof is complete. Q.E.D.

LEMMA A5 Let X =R%, and y € X be a non-zero vector. For any p,q € R, where

p#q, define P(y) :={x e X |p-x=p-y} and Qy) :={x € X | ¢-x = q-y} such that
for any x € P(y), we have q-x > q-y. Then 2’ € P(y) N Q(y) implies x’ € 0X.

Proor: Let 2z’ € P(y)NQ(y). Since p # g and for any x € P(y) we have ¢-x > q-y, there
exists a 2’ € P(y) such that g-2” > q-y. As 2’ € Q(y), we have ¢-2” > ¢-2’. Assume that
x' € X/0X. Then there exists a € (0,1) and x € P(y) such that az”+(1—a)x = 2’. Hence,

= (1—a) (2’ — az”). However, this implies that ¢-z = (1—«a) (¢ -2’ —aq-2") < q-y,
which yields contradiction since for any = € P(y) we have ¢-x > ¢ - y. Q.E.D.

PROOF OF PROPOSITION 8:  Let {7, (4}, 1){=1: D7, (@fj,_,)i=1 } be a sequential equilib-
rium. We prove the result by induction.

By Corollary 5, for any sequential equilibrium {a:T,(yt|t iy, pT,(cjz"tfl)tT:l}, tuple
{x1a3/1\o>p1aq1|o} is a sequential equilibrium starting at date 1, given the initial distri-
bution of endowments (Q;ﬁ)iel- By Corollary 8, this implies that p§ = qj), (up to a
scalar).

Take any t € T" and assume that pj_; = G5, , (up to a scalar). We claim that this implies
Pt = G;1, (up to ascalar). For any i € I define sets P(#;") := {#} € X, | pr-dt = pr-ar
and Q(7) :={&} € Xy | G/, - & = Gf1y), - 7'} By definition 27" € P(2}%) N Q(&77).

First, we claim that for any i € P(Z}"), we have Qi > Ay 7" We prove
it by contradiction. Assume that there exists & € P(#}") such that Q;“+1|t LI < ‘j:Hlt .

‘. Assumption 1 and Proposition 6 imply that p},, - zj%, + gy - T < pryg Tty +

qt+1‘t CEF = phg Ty + sy - yt+1|t By Assumption 1 there exists a =}, € Xy

kG

such that (z},,,%)) € Bt+1(pt+1,qt+1|t,yt+2|t+1) and (x),,,2;") =i, &7,. In addition,

/\*T,

: oy Sk Ak __ A% * % — —
since z; € P(z} ) and pi_y = ¢}y, we have py -z + G, LB = pred = pr =

iy —i—qtlt -#% . By Lemmas A.3 and A4, this implies that 2 € Vi (pr, (G2e1)s=1s ).
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~ %7

Therefore, it must be that (z}, , ;") € Ftiﬂ(ﬁfﬂ, (d:|571)§’;11,yt+2|t+1), which contradicts
that &7}, € Vi (5 (56-1) 0 97 apen):

Next, assume that ‘jt*+1|t # p; (up to a scalar). By Lemma A.5 and the above claim,
this implies that P(2;%) N Q(}) C 9X,. For all i € I define v’ = (pf - 27°)/(5F * >ses €1),
and &, = 1"y, ; é;. By construction, Vi € I, we have 2!, € P(z}"). Moreover, the market
clearing condition implies >, ;" = 1.

Since

A% Ak 3 Ak 5Kk Ak 0 Ak 2K :
Q(2}"). Hence, g7y, -2, > Gfy 27", as well as 7y oD 2y &5, > Gr gy Doiep &7 This leads

/\Z‘ . . o, . ,\*Z‘ . . /\i /\*i
;e €1 1s strictly positive, whenever 2;" is non-zero it must be that &}, & P(2;") N
icti - on G i ok N S
to contradiction, since by construction §;, ;> ic; € = 1y 2oier Ty > Qi 2oier B =

‘j;kﬂ\t Dier é. Q.E.D.
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